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noise in driven qubits
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Correlated noise across multiple qubits poses a significant challenge for achieving scalable and fault-
tolerant quantumprocessors.Despite recent experimental efforts toquantify this noise in various qubit
architectures, a comprehensive understanding of its role in qubit dynamics remains elusive. Here, we
present an analytical study of the dynamics of driven qubits under spatially correlated noise, including
both Markovian and non-Markovian noise. Surprisingly, we find that by operating the qubit system at
low temperatures, where correlated quantum noise plays an important role, significant long-lived
entanglement between qubits can be generated. Importantly, this generation process can be
controlled on-demand by turning the qubit driving on and off. On the other hand, we demonstrate that
by operating the system at a higher temperature, the crosstalk between qubits induced by the
correlated noise is unexpectedly suppressed. We finally reveal the impact of spatio-temporally
correlated 1/f noise on the decoherence rate, and how its temporal correlations restore lost
entanglement. Our findings provide critical insights into not only suppressing crosstalk between
qubits caused by correlated noise but also in effectively leveraging such noise as a beneficial resource
for controlled entanglement generation.

Quantum computers hold great promise for solving computational pro-
blems that are intractable for classical ones, due to their ability to exploit the
quantum coherence of qubits1,2. However, quantum coherence is extremely
fragile and noise poses a major challenge to quantum information
processing3,4. A comprehensive understanding of the effects of noise is the
first step towards the development of effective noise mitigation strategies,
and therefore, is crucial to leverage the full potential of large-scale quantum
processors5,6.

In the single-qubit scenario, the noise experienced by the qubit is local
and can be characterized by a single noise spectrum7,8. It has been experi-
mentally measured in different quantum computation architectures,
including spin qubits in semiconductors9,10, nitrogen-vacancies11,12, trapped
ions13,14, and superconducting quantum circuits15–18, by employing different
noise spectroscopy protocols. While the effect of single-qubit noise, in
particular 1/f noise in solid state architectures, is still being actively inves-
tigated in order to develop better strategies for mitigating its impact19–23, we
have gained a relatively good understanding of its characteristics24–30. Var-
ious techniques to address it in quantum computation have been proposed,
including decoherence-free sweet spots31–36, quantum error correction
codes37–40, dynamical decoupling41–44, and optimal control methods45–51,
which have shownpromise in reducing the impact of single-qubit noise and
improving the performance of quantum devices.

However, the presence of spatially correlated noise can limit the
applicability of proposed protocols in multi-qubit settings. For instance,
major quantum error-correcting codes rely on independently detecting and
correcting errors on individual qubits37–40. Correlated noise across multiple
qubits impedes the effectiveness of these codes, leading to a higher prob-
ability of errors remaining undetected and reducing the performance of
quantum systems52–56. It is therefore crucial to better quantify and under-
stand correlated noise. This has stimulated various theoretical proposals57–60

and experimental works in the measurement of correlated noise, for
example, in architectures based on spin qubits61,62 and superconducting
qubits63. However, despite the progress in quantifying spatial noise corre-
lations, a comprehensive understanding of how they affect the performance
of multiqubit systems is still lacking.

On the other hand, while spatially correlated noise can have detri-
mental effects on quantum systems, it raises the question of whether the
correlations stored in the noise can be harnessed to process quantum
information64,65. For instance, correlated noise offers the intriguing possi-
bility to imprint the correlations onto a two-qubit system, effectively con-
verting the correlation of noise into entanglement between the qubits. To
develop effective strategies either for mitigating correlated noise or for
leveraging the correlations it stores, a comprehensive understanding of the
effects of correlated noise in multiqubit settings is required.
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In this work, we present a systematic theoretical investigation of the
impact of spatially correlated noise on the dynamics of driven qubits with a
focus on their entanglement, considering both temporally correlated and
uncorrelated noise. We provide analytical solutions for all discussed sce-
narios, accompanied by detailed derivations in the Supplementary Infor-
mation to guarantee the high reproducibility of all our results. We uncover
several interesting findings as summarized in Table 1. In particular, we find
that operating qubits at a temperature higher than the Rabi frequency
effectively mitigates the detrimental effects of correlated noise, notably
reducing crosstalk between qubits. This unexpected decrease in crosstalk at
elevated temperatures aligns with recent experimental findings in spin
qubits66, highlighting a practical approach to managing the harmful effects
of correlated noise. Besides, we show that, to leverage the beneficial aspect of
correlated noise, such as generating significant long-lived entanglement, it is
essential to drive the qubits at lower temperatures. A critical aspect of this
finding is the ability to control this entanglement generation on-demand by
activating or deactivating the qubit driving.

The section of Results is organized as follows. We first introduce the
model Hamiltonian. Next, we discuss the concept of local and spatially
correlated noise spectral densities, distinguishing their classical and quan-
tum components. We then extend the commonly used master equation for
single qubit dynamics to a set of more broadly applicable master equations.
These are tailored for the driven dynamics of two-qubit systems in the
presence of spatially correlated generic noise, which sets the stage for the
further discussion.

We then investigate spatially correlated 1/f noise in pure dephasing
dynamics without coherent drives. We pay particular attention to how the
classical and quantum components participate in the two-qubit dynamics
and whether they can be exploited to generate entanglement. We demon-
strate that the classical correlations in the noise affect the dynamics through
correlated pure dephasing, which modifies the dephasing rate but does not
induce any coherence. In contrast, our findings show that correlated
quantum noise influences two-qubit dynamics via noise-induced coherent
interactions between qubits and correlated pure-dephasing processes.
Notably, while the former facilitates converting noise correlation into
entanglement, the latter does not.

Next, we present an analytical study of the two-qubit dynamics under
the influence of spatially-correlated Markovian transverse noise with
coherent drives. Our analysis reveals that the quantum noise correlations
induce a coherent symmetry exchange interaction, a Dzyaloshinskii-Moriya
interaction between the two qubits, and a correlated decoherence process.
We observe an intriguing interplay between these ingredients, resulting in
distinct dynamical phases that can be achieved with different parameter
values. Contrary to pure dephasing, we discover that both coherent inter-
actions and correlated decoherence not only generate substantial entangle-
ment but also ensure its longevity. This long-lived entanglement, enhanced
by the correlated nature of the process, shows promise for implementing
two-qubit gates and advancing quantum information processing tasks.

Finally, we conduct an analytical investigation into the influence of
correlated 1/f noise on the dynamics of driven qubits. Our study shows that
the non-Markovianity of the 1/f noise results in effective time-dependent
decoherence rate that exhibits temporary negative values for some time
intervals67. We focus on the classical and quantum correlated 1/f noise. We
find that the classical spatially-correlated 1/f noise is still unable to generate
any entanglement. However, the non-trivial temporal correlations of the

noise can restore the coherence lost in the environment. On the other hand,
the non-Markovian nature of the quantum correlated 1/f noise leads to a
temporary decrease of the entanglement generated by the quantum noise.
We also compare our findings with the single qubit scenario, highlighting
the different effects of correlated noise on idle qubits and on qubits with
coherent drives.

Results
Hamiltonian
In this work, we analyse the dynamics of two qubits that are driven and are
situated in the same environment, as depicted in Fig. 1. The qubits are
subjected to both local and spatially-correlated (non-local) noise, which can
have either a classical or quantum nature and can be either temporally
correlated (such as 1/f) or uncorrelated ("Markovian”). We describe the
combined system with the following Hamiltonian:

HðtÞ ¼ HS þ HdriveðtÞ þHSE þHE; ð1Þ

where HS is the Hamiltonian of the two qubits that are characterized by
qubit-frequency splittings Δi (i = 1, 2), and Hdrive(t) describes the time-
dependent driving of the two qubits, HE is the Hamiltonian of the
environment, and HSE describes the coupling between the two qubits and
the environment. We assume the two qubits are driven coherently at
frequencyωdiwith the drive amplitude ℏΩi.We then consider the following
Hamiltonian:

HS þ HdriveðtÞ ¼
X
i¼1;2

_Δi

2
σzi þ _Ωi cosðωditÞσxi

� �
; ð2Þ

where σx;zi are the Pauli matrices for qubit i and ℏ is the Planck’s constant.
We describe the environment with

HE ¼
X
k

_ωkb
y
kbk; ð3Þ

where bk and b
y
k are operators describing quasiparticles in the environment

leading to the decoherence of the qubits, such as phonons in
semiconductors68–70 or magnons in hybrid systems71–80. While we leave the
spectrumωkunspecifiedwhich canbe either linear, for example, for acoustic
phonons or quadratic for magnons, we specialize to single axis qubit-
environment couplings:

HSE ¼
X
i¼1;2

σzi Ei; with Ei � gke
ik�ri bk þ H.c. ; ð4Þ

implying that pure-dephasingdynamicsdominates thedecoherenceprocess
in the absence of coherent drives. Here, Ei are operators acting on the
environment Hilbert space, ri is the positions of the ith qubit, and gk is the
coupling strength.

When the system is subjected to coherent drives, we effectively rotate
the quantization axis in a frame rotating at the driving frequencies, where
the qubits can exchangenot only informationwith the environment but also
exchange energy by emitting and absorbing quasiparticles. To illustrate this,
we perform the unitary transformation RðtÞ ¼ expðiωd1σ

z
1t=2Þ�

expðiωd2σ
z
2t=2Þ. The Hamiltonian in the rotating frame then is given by

Table 1 | Summary of Key Findings

Qubit drive Noise Low T (Quantum noise plays a role) High T (Classical noise dominates)

Without drive Pure-dephasing noise Correlated dephasing process does not generate long-lived
entanglement

Qubits do not entangle; Correlated noise modifies
dephasing rate

With drive Transverse noise Correlated relaxation process does generate significant long-lived
entanglement

Qubits do not entangle; Correlated noise modifies
relaxation rate
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H ¼ i_∂tRR
y þ RHRy. We note that the unitary operator R(t) commutes

with HSE and HE, leaving them invariant in the rotating frame. After
applying the rotating-wave approximation by neglecting counter-rotating
terms that oscillate fast at frequency 2ωdi, the total Hamiltonian reads,

H ¼ HS þHSE þHE; ð5Þ

where the qubit Hamiltonian in the new rotating frame is HS ¼P
i¼1;2_ δiσ

z
i þΩiσ

x
i

� �
=2 with the detuning δi =Δi−ωdi. When the qubits

are driven at resonance ωdi =Δi, we arrive at:

HS ¼
_Ω

2

X
i

σ̂zi ; and HSE ¼ �
X
i

σ̂xi Ei: ð6Þ

Here, we have rotated the axis in the spin space, HS ! RyHSR
y
y with

Ry ¼ exp½iðπ=2Þσy=2�, such that the qubit quantization axis is aligned with
the z axis, andwe label this newbasis with Paulimatrices σ̂ i.We also assume
here that the driving strength is equal for both qubits, denoting it as
Ω≡Ω1 =Ω2. We remark that, in this scenario, the relaxation dynamics
dominates the decoherence process, which has been exploited for noise-
spectroscopy applications to extract noise spectra near frequency Ω63. We
focus our analysis in this work on the effects of correlated noise in two
fundamental scenarios: one in the absence of coherent drives where pure-
dephasing noise dominates, and the other in the presence of resonant drive
where the transverse noise is prominent. We point out that while we have
concretely assumed an environment consisting of quasiparticles described
by operators bk; b

y
k , the dissipative effects depend solely on thenoise spectral

density of the environment. Motivated by experimental works35,81,82, we
choose this to be 1/f in our later discussions, which enables us to accurately
capture the dynamics of the qubits, even though the microscopic origin of
thenoisemayvary. For example, it couldbedue to an ensemble of correlated
two-level fluctuators.

Distinguishingclassical fromquantumnoise in local andspatially
correlated noise
We described the qubit Hamiltonian under external coherent drives in the
preceding section. Here, we discuss the noise experienced by the qubits due
to their coupling to the environment, focusing on both local and spatially
correlated noise while distinguishing their classical and quantum natures.

We define the usual two-point noise correlation function in time domain8:

SijðtÞ � hEiðtÞEjð0Þi; ð7Þ

where EðtÞ � eiHEt=_Ee�iHEt=_ and hOi � trðρBOÞ with the thermal state
ρB ¼ e�βHE=tr½expð�βHEÞ� and β = 1/kBT, where T is the temperature and
kB is the Boltzmann constant. The noise power spectral density is given by
the Fourier transformation of the correlation function:

SijðωÞ ¼
Z 1
�1

dt eiωtSijðtÞ: ð8Þ

Here, Sii(ω) with i = {1, 2} is the auto power spectral density standing for the
local noise, whereas Sij(ω) with i ≠ j is the cross power spectral density
representing spatially correlated noise. We note that SijðωÞ ¼ S�jiðωÞ, indi-
cating that the local noise spectral density is a real-valued functionwhile the
correlated noise can be complex-valued. This is also clear from the explicit
expression of the noise spectral density:

SijðωÞ ¼ 2π
P
k
jgkj2e�ik�ðrj�riÞ nBðωkÞ þ 1

� �
δðω� ωkÞ

þ 2π
P
k
jgkj2eik�ðrj�riÞnBðωkÞδðωþ ωkÞ;

ð9Þ

where nB(ω) = 1/(eβℏω− 1) is the Bose-Einstein distribution and the spatial
vector rj− ri connects the positions of qubit j and i. The cross power spectral
density S12(ω) is real when the spectrumof the environment is symmetric in
momentumωk =ω−k, whereas it is complex for general asymmetricωk, for
example in inversion-asymmetric environments.Weobserve that both local
and nonlocal spectral densities encompass contributions from environ-
mental excitations with finite wavelengths. This effectively captures
information about the correlations of environment.

It is worth noting that the noise power spectral density (9) is generally
asymmetric in frequency, ∣Sij(ω)∣ ≠ ∣Sji(−ω)∣. Its positive- and negative-
frequency components are linked through the Boltzmann factor,
Sij(ω) = eβℏωSji(−ω), which reflects the quantum nature of the noise, as
indicated by the non-zero commutator [E1(t), E2] ≠ 0.One can interpret the
positive-frequency part Sij(ω > 0) as ameasure of the ability of qubits to emit
energy, and the negative-frequency part Sij(ω < 0) as ameasure of the ability
of qubits to absorb energy.

When E is a classical field, namely [Ei(t), Ej] = 0, the associated noise is
referred to as classical noise. In the case of a quantum field E, we can write
the noise correlation function Sij(t) as a sum of symmetrized [invariant
under the exchange of Ei(t) and Ej] and antisymmetrized parts, which are
identified as classical and quantum noise spectral densities respectively,
following the definition in refs. 8,83:

SCij ðωÞ ¼
SijðωÞ þ Sjið�ωÞ

2
; SQij ðωÞ ¼

SijðωÞ � Sjið�ωÞ
2

: ð10Þ

They are related to each other through SCij ðωÞ ¼ cothðβ_ω=2ÞSQij ðωÞ. It is
dictated by the fluctuation-dissipation theorem84, which holds when the
average of the noise correlator is takenwith respect to the thermal state ρB of
the environment. We also point out that this definition is operationally
meaningful. As demonstrated in our later discussions, correlated classical
noise does not result in entanglement between qubits, whereas quantum
noise effectively induces entanglement.

When operating qubits at high temperatures, such as in the case of spin
qubits that canbeoperated at a fewKelvin82,85–87, the classical limit kBT≫ ℏω
applies, and classical fluctuations dominate over quantum noise. In this
regime, the operators Ei(t) can be treated classically [Ei(t), Ej(0)] = 0,
resulting in a symmetric noise spectral density with a vanishing antisym-
metric part, SQ = 0. In contrast, in the quantum regime where kBT≲ ℏω, the
quantum noise is comparable to classical noise, with SQ ≈ SC, and therefore
cannot be neglected.

Fig. 1 | A schematic for two qubits in an environment experiencing both local and
spatially correlated noise. The noise is quantified by the cross-noise power spectral
densities Sij(ω), with its positive and negative frequency parts measuring the ability
of qubits to emit and absorb energy, respectively. The asymmetric nature of the noise
spectral density, in the presence of quantum noise, is linked to the asymmetry
between the absorption and emission processes. The quantum correlated noise can
be harnessed to generate entanglement.
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Wepoint out that there is a constraint for the spatially correlated noise,
jSC12ðωÞj2 ≤ SC11ðωÞSC22ðωÞ8, implying that the nonlocal noise is inherently
bounded by the local one. This condition is closely related to the thermo-
dynamic stabilityof the environment65.To illustrate this conditionexplicitly,
we consider a concrete example, where the environment has a linear
spectrum ωk = cs∣k∣. This case describes for example acoustic phonons with
sound velocity cs. The spatially correlatednoise is related to the local noise in
a 2D architecture through the following equation:

S12ðωÞ ¼ J0ðωd=csÞSiiðωÞ; ð11Þ

where ∣J0(x)∣ ≤ 1 is the Bessel functions of the first kind and d = ∣r1− r2∣ is
the distance between two qubits, as shown in Fig. 2a. At large distances, the
correlated noise decays as J0ðωd=csÞ∼ 1=

ffiffiffi
d
p

. We will assume the two
qubits to be identical and thus they experience the same local noise S11 = S22
throughout our discussion. The constraint ∣S12∣ ≤ Sii also holds in other
dimensions, as shown inFig. 2bwhere the ratio S12/Sii is shown as a function
of the separation between the two qubits in different dimensions. Exact
relations are provided in Supplementary Note 1.

We remark that, when the two qubits are sitting within a few hundred
nanometers, the spatially correlated noise is comparable to the local noise
for qubit frequencies in the gigahertz range, as illustrated in Fig. 2a, and
assuming the soundvelocity to be cs ~ 5 km/s in silicon.The correlatednoise
exhibits oscillatory behavior and gradually decays to zero as the qubit
separationd increases.As shown inFig. 2bwherewe take the frequency tobe
ω/2π = 1GHz, the spatially correlated noise is always comparable with the
local noise for d < 1 μm in different dimensions.

Time convolutionless master equation
Wenowextend the commonlyusedmaster equation forqubit dynamics to a
set of broadly applicable equations for qubits subjected to spatially corre-
lated classical and quantum noise. The master equation for the reduced
densitymatrix ρ(t) is obtained by tracing out the environment from the total
densitymatrix ρtot(t). To this end, we adopt the time-convolutionless (TCL)
master equation approach88 and assume that the qubit-environment
interaction is weak enough to truncate the TCL generator at the second
order. Leaving the detailed derivation to Supplementary Note 2, here we
present the TCL master equations for the two-qubit system subject to
correlated noise, without and with a resonant drive, respectively. In parti-
cular, we separate the quantum and classical noise, enabling us to clearly
identify their respective contributions to the qubit dynamics. Our results
allow us to explicitly calculate and explore the effects of correlated noise.

In the absence of coherent driving, the qubit dynamics is purely
determined by dephasing. As detailed in Supplementary Note 2, the TCL
master equation for the two-qubit system, in the interaction picture, takes

the form of

_ρðtÞ ¼ �i½HzðtÞ; ρðtÞ� þ
X

i;j2f1;2g
Lz
ijðtÞρðtÞ; ð12Þ

where the correlated-noise-induced coherent interaction between qubits is
Ising-like:

HzðtÞ ¼ J zðtÞσz1σz2: ð13Þ

The superoperators Lz
ijðtÞ are defined by

Lz
ijðtÞρ ¼ γzijðtÞ σzj ρσzi �

1
2
fσzi σzj ; ρg

� �
; ð14Þ

with the anticommutator {A, B}≡AB+ BA. Here, γziiðtÞ stands for the
standard local dephasingwhich is time-dependent in general,whereasγz12ðtÞ
represents correlated dephasing originating from the spatially correlated
noise. The time-dependent coherent coupling parameter is given by
J zðtÞ ¼ R t

0 ds GR
12ðsÞ þ GR

21ðsÞ
� �

=2_2, quantifying the retarded interaction
mediated by the environment, where GR

12ðtÞ ¼ �iΘðtÞh½E1ðtÞ; E2�i is the
standard retarded Green’s function. To clarify its relation to the correlated
noise, it is insightful to recast it into the following form:

J zðtÞ ¼ 4

_2

Z 1
0

dω
2π

Re½SQ12ðωÞ�Fcðω; tÞ; ð15Þ

with a filter function Fcðω; tÞ ¼ ½cosðωtÞ � 1�=ω. This coherent Ising
interaction is solely determined by the correlated quantum noise. One can
also infer this conclusion from the fact that it is dictated by the retarded
Green’s functionwhich vanisheswhen the noise operatorsEi commute, e.g.,
if they are classical variables.

Similarly, to investigate the effects of correlated classical and quantum
noise on the dephasing, we write the dephasing rate as

γzijðtÞ ¼
4

_2

Z 1
0

dω
2π

Fsðω; tÞ Re½SCij ðωÞ� þ i Im½SQij ðωÞ�
n o

; ð16Þ

with the filter function Fsðω; tÞ ¼ sinωt=ω, which is peaked at zero fre-
quency and approaches a delta function at large time Fs(ω, t→∞) = πδ(ω).
We observe that the local dephasing rate γzii is determined solely by the
classical noise SCii (where we recall that the local noise spectral densities S

C;Q
ii

are always real), whereas the correlated dephasing γz12 has contributions
from both classical and quantum spatially correlated noise. In contrast, we
stress again that the coherent coupling is not affected by classical noise.
Furthermore, it is worth noting that correlated quantum noise only influ-
ences the dephasing process when the environment has an asymmetric

Fig. 2 | Correlated noise. aDensity plot of the ratio
between the spatially correlated noise S12 and the
local noise Sii as a function of frequency ω and the
distance d between two qubits in two dimensions.
The plot shows that for qubit frequencies in the few
GHz regime, the correlated noise is as strong as the
local one when two qubits sit within micrometers,
and it oscillates and decays to zero as the distance
increases. b The ratio S12/Sii as a function of qubit
distance in different dimensions, where we have
taken ω/2π = 1GHz. The correlated noise exhibits
similar behavior in different dimensions, and obeys
the constraint S12 ≤ Sii. In both plots, we used
ωk = cs∣k∣ and cs = 5 km/s.
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spectrum such that Im½SQ12�≠ 0. Otherwise, γz12ðtÞ is exclusively determined
by the correlated classical noise SC12ðωÞ.

In the presence of resonant transverse drives, the combined system is
governed by the Hamiltonian (5) where the qubits experience pure trans-
versenoise.TheTCLmaster equationof the two-qubit system is shown tobe
the following form

_ρðtÞ ¼ �i½HxyðtÞ; ρðtÞ� þ
X

i;j2f1;2g
LijðtÞρðtÞ; ð17Þ

where the coherent interaction is

HxyðtÞ ¼ J ðtÞσ̂þ1 σ̂�2 þ H.c. ; ð18Þ

and the superoperators are given by

LijðtÞρ ¼ γ#ij ðtÞ σ̂�j ρσ̂þi � 1
2 fσ̂þi σ̂�j ; ρg

h i

þ γ"ij ðtÞ σ̂þj ρσ̂�i � 1
2 fσ̂�i σ̂þj ; ρg

h i
:

ð19Þ

Here γ#ij and γ"ij describe time-dependent (local and correlated) decay and
absorption rates, respectively. Detailed derivations are provided in
Supplementary Note 2. Similar to the pure dephasing case, the coupling
parameter J ðtÞ is also fully determined by the quantum noise, and can be
expressed in terms of the retarded Green’s functions or correlated noise
spectral densities as

J ðtÞ ¼ 1
2_2

R t
0 ds GR

12e
iΩs þ GR

21ðsÞe�iΩs
� �

¼ 2
_2
R1
0

dω
2π SQ12ðωÞFcðω�Ω; tÞ þ SQ21ðωÞFcðωþΩ; tÞ� �

;
ð20Þ

withqubit energy splittingΩ.We stress that, in contrast to the Ising coupling
J zðtÞ which is always real, J ðtÞ is complex in general.

The local and correlated decay processes are induced by both classical
and quantum noise, γ#ij ðtÞ ¼ γCij ðt;ΩÞ þ γQij ðt;ΩÞ, with classical and
quantum contributions being

γCij ðt;ΩÞ ¼ 2
_2
R1
0

dω
2π SCij ðωÞFsðω�Ω; tÞ þ SCji ðωÞFsðωþΩ; tÞ
h i

;

γQij ðt;ΩÞ ¼ 2
_2
R1
0

dω
2π SQij ðωÞFsðω�Ω; tÞ � SQji ðωÞFsðωþΩ; tÞ
h i

:
ð21Þ

Similarly, the local and correlated absorption rates are given by
γ"ij ðtÞ ¼ γCij ðt;�ΩÞ þ γQij ðt;�ΩÞ. Notably, unlike the local pure dephasing
rate that is solely determined by classical noise, γ";#ii depends on both
classical and quantum noise. Moreover, the correlated quantum noise is
always present in the correlated decay and absorption rates, regardless of the
symmetry of the spectrum ωk. We emphasize that these processes exhibit
high sensitivity to the noise spectra within a frequency window of
approximately 1/t centered on the qubit splitting ±Ω. Therefore, for suffi-
ciently long time evolution where t≫ 1/Ω, we can consider exclusively the
contribution of the spectra at ω = ±Ω, and approximate the rates as

γ#ij ¼
1

_2
SCij ðΩÞ þ SQij ðΩÞ
h i

; γ"ij ¼
1

_2
SCji ðΩÞ � SQji ðΩÞ
h i

; ð22Þ

from where we observe that the asymmetry between the absorption and
emission is caused by quantum noise. We also obtain the standard detailed
balance condition γ#ij ¼ eβ_Ωγ"ji , by invoking the fluctuation-dissipation
theorem.

The TCL master equations presented here for the two-qubit system
show clearly the dependence of qubit dynamics on the quantum and clas-
sical components of local and spatially correlated noise. Our formalism is
general, and it does not require anymicroscopic understandingof the spatial
and temporal correlations within the environment, as long as the noise is
weak enough to justify the truncation of the TCL generator at the second

order. It can be employed to describe challenging cases such as long-ranged
classical or quantumnon-Markoviannoise. Furthermore, this approach can
be extended straightforwardly to multiple qubits. By separating the con-
tributions of classical andquantumnoise to the qubit dynamics, this scheme
provides a foundation for our investigation of the impact of generic noise on
multiqubit dynamics.

Idle Qubits subjected to correlated 1/f noise
We now utilize the formalism presented above to investigate the impact of
spatially correlated classical and quantum noise on the dephasing of two
qubits. Specifically,we focuson anoise spectral functionwith a 1/f frequency
dependence, which is common in various quantum computing
architectures23, including superconducting qubits and semiconducting
devices. We stress that our approach is straightforwardly extended to other
noise spectra. Let us consider a local classical noise spectral density:

SCii ðωÞ ¼
2πσ2=jωj; if jωj>ωl;

0; otherwise;

	
ð23Þ

where σ is the standard derivation of the noise and ωl stands for the low
frequency cutoff that is set by themeasurement time. The timescales that we
investigate are much shorter than this time, t≪ω�1l . As we aim to study the
effect of the correlated noise, we consider two qubits positioned within the
range ofmicrometers, with correlated noise being comparablewith the local
one, SC;Q12 ðωÞ≈eiθSC;Qii ðωÞ, where θ is thephase of the correlatednoise spectral
density that characterizes its complex nature (The phase θ has a frequency
dependence in general whose exact form depends on the details of the
environment and the coupling. In this work, we assume the phase to be a
constant for simplicity.). We point that in our study, we assume that the
distance between the two qubits is greater than the typical confinement
lengths (10–50 nm for spin qubits). This ensures that the direct exchange
interaction is suppressed, allowing us to focus specifically on the effects
induced by correlated noise.

To examinehow the classical andquantumcomponents of the spatially
correlated noise determine the two-qubit dynamics, we consider the
quantum regime, where both quantum and classical noises are present and
SQ ≈ SC. In this scenario, the coherent coupling and the local dephasing rate
γz � γzii are given by

J zðtÞ ¼ � 2πσ2 cos θ

_2
t; γzðtÞ ¼ 4σ2t

_2
1� CiðωltÞ
� �

; ð24Þ

as detailed in Supplementary Note 3, and the correlated dephasing rate is
given by γz12 ¼ eiθγz whose real and imaginary parts are rooted in classical
and quantum correlated noise, respectively. Here, CiðxÞ �
� R1

x dτ cosðτÞ=τ is the cosine integral function.
It is convenient to work in the basis

f∣aig ¼ f∣ ""
; ∣ "#
; ∣ #"
; ∣ ##
g, where the density matrix elements,
denoted as ρ ¼ Gab∣ai bh ∣, are all decoupled from each other. While the
diagonal elementsGaa remain constant in thepure-dephasingdynamics, the
off-diagonal components depend non-trivially on the correlated noise. By
solving the TCLmaster equation analytically (see SupplementaryNote 3 for
details), wefind that the classical component of the correlatednoise canonly
reduce or enhance the dephasing rate caused by the local classical noise,
without increasing the coherence in the two-qubit system. For instance,G23

and G14 are given by G23ðtÞ ¼ G23ð0Þ exp½�4ð1� cos θÞΓzðtÞ� and
G14ðtÞ ¼ G14ð0Þ exp½�4ð1þ cos θÞΓzðtÞ� with

ΓzðtÞ �
Z t

0
ds γzðsÞ≈ σ2t2

_2
3� 2γ� 2 lnðωl tÞ
� �

; ð25Þ

suggesting a Gaussian decay of the coherence with a logarithmic correction.
Here, γ is Euler’s constant.

We are now ready to investigate how the correlated noise affects the
dynamics of two-qubit entanglement. There are different measures of
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entanglement. For example, the singletfidelity of the correspondingWerner
state89 of an arbitrary mixed state provides a lower bound for the entan-
glement of formation90,91, as detailed in SupplementaryNote 4. In this work,
we adopt the two-qubit concurrence as a measure of entanglement92, which
is also summarized in Supplementary Note 4. In Fig. 3a, we illustrate the
entanglement decay of the two-qubit systemwith the initial states being Bell
states ∣Ψþ


 � ð∣ "#
þ ∣ #"
Þ= ffiffiffi
2
p

and ∣Φþ

 � ð∣ ""
þ ∣ ##
Þ= ffiffiffi

2
p

,
respectively. The red curve represents the entanglement decay when only
local noise is present, where both states decaywith the same rates.When the
correlated classical noise is present (we set the quantum noise to zero and
θ = π/3), both states still decay but with different rates, corresponding to the
blue and green curve in Fig. 3a.

The quantum component of the correlated noise affects the two-qubit
dynamics through both the coherent Ising interaction, which is governed by
the real part of SQ12, and the correlated dephasing, which is linked to the
imaginary part of SQ12. Interestingly, we find that only the real part of the
quantum correlated noise leads to an increase in the entanglement between
the two qubits. To illustrate this effect, we consider an initial state ∣þþi,
where ∣þi is defined by σx∣þi ¼ ∣þi. We examine the entanglement
dynamics as a function of time andphase θ.When the spectral density is real
(θ = 0, π), we observe a sizable increase in entanglement, while it remains at
zero when the spectral density is purely imaginary (θ = π/2, 3π/2), as shown
in Fig. 3b.

Our findings indicate that to harness the correlations encoded in the
pure-dephasing noise, qubits must be operated at low temperatures to
ensure the presence of quantum correlated noise and in an inversion
symmetric environment to obtain a real quantum noise spectral density.
Conversely, if one wishes to prevent undesired entanglement between the
qubits, operating the qubits at higher temperatures to favor classical cor-
related noise or breaking the symmetry of the environment at low tem-
peratures to suppress entanglement generation can be effective strategies.
We notice that a very recent experiment66 has observed an unexpected
significant reduction in crosstalk between spinqubits at higher temperatures
in semiconductors.

Driven spin qubits subject to correlated Markovian noise
Here, we investigate the dynamics of two qubits when they are resonantly
driven. This case is governed byHamiltonian (5), and the reduced dynamics
is described by the master equation (17). In particular, we focus on the
temporally uncorrelated (Markovian) noise, because this model accurately

describes noise with generic power spectral density after long times. As
detailed in Supplementary Note 4, pure classical noise does not generate
entanglement, hence we examine the case of low temperature where both
classical and quantum noise are present. With the spatially correlated
Markovian noise, the coherent interaction between the two qubits becomes
time-independent, and is described by the Hamiltonian

Hxy ¼ J σ̂þ1 σ̂
�
2 þ J �σ̂�1 σ̂þ2 : ð26Þ

The coupling strength

J ¼ GR
12ðΩÞ þ GR

21ð�ΩÞ
2_2

ð27Þ

is complex-valued in general and denoted as J � J s þ iD. The
contributions J s and Dzyaloshinskii-Moriya (DM) interaction D are
symmetric and antisymmetric with respect to exchange of the two qubits,
respectively,

Hxy ¼ J sðσ̂x1σ̂x2 þ σ̂y1σ̂
y
2Þ þDẑ � σ̂!1 × σ̂

!
2; ð28Þ

where the DM interaction only arises when the inversion symmetry of the
environment is broken.

The decay and absorption rates become time-independent when noise
is assumed to beMarkovian (or when the evolution time is long for generic
noise, t≫ 1/Ω) and are given by Eq. (22). At temperatures lower than the
Rabi frequency, kBT≤ℏΩ, (for instance, when Ω/2π ~ 2GHz and the tem-
perature is below 100mK), the rates are further reduced to γ#ij≈2S

Q
ij ðΩÞ and

γ"ij≈0. In this situation, the superoperators are given by the standard
Lindbladians88:

Lijρ ¼ γ#
P
i

σ̂�i ρσ̂
þ
i � 1

2 fσ̂þi σ̂�i ; ρg
� �

þ γ#12
P
i≠j

σ̂�j ρσ̂
þ
i � 1

2 fσ̂þi σ̂�j ; ρg
h i

;
ð29Þ

where the local decay rate γ# � γ#ii and the collective decay rate γ#12>0 are
determined by the local and spatially correlated noise, respectively.We have
absorbed the phase of γ#12 into the definition of σ

±
i . The completely positive

evolution dictates that the correlated decay is weaker than the local decay

Fig. 3 | Dephasing of two qubits subjected to spatially correlated noise.
a Entanglement decay as a function of time for different initial states. The red curve
corresponds to the case where only local noise is present, showing that both sce-
narios [with initial states being Bell states ∣Ψþ


 ¼ ð∣ "#
þ ∣ #"
Þ= ffiffiffi
2
p

and
∣Φþ


 ¼ ð∣ ""
þ ∣ ##
Þ= ffiffiffi
2
p

] decay at the same rates. The blue and green curves
show the entanglement decay with initial states ∣Ψþ



and ∣Φþ



, respectively, in the

presence of correlated classical noise.We set the quantumnoise to zero and choose a
phase of θ = π/3 for the correlated noise power spectral density S12(ω). bDensity plot

of the entanglement as a function of time and the angle θ with initial state ∣þþi
(∣þi is defined by σx ∣þi ¼ ∣þi). The correlated quantumnoise is real and enters the
qubits dynamics through the coherent coupling when θ = 0, π, and is purely ima-
ginary and enters the dynamics through the correlated dephasing when θ = π/2, 3π/
2. The correlated quantum noise does not generate entanglement through the
correlated dephasing, but it generates it via the noise-induced Ising coherent cou-
pling J z . Parameters used in the plot: ℏ/σ = 500 ns and ωl/2π = 1MHz.
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γ#12 ≤ γ
#, which is also guaranteed by the thermodynamic stability of the

environment65.
Similar to the coherent interaction, it is convenient to symmetrize and

antisymmetrize the superoperators, yielding

Lρ ¼
X

α2fS;Ag
Γα σ̂�α ρσ̂

þ
α �

1
2
fσ̂þα σ̂�α ; ρg

� �
; ð30Þ

where σþS;A ¼ ðσþ1 ± σþ2 Þ=
ffiffiffi
2
p

and ΓS;A ¼ γ# ± γ#12. We note that the triplet

state ∣Ti � ð∣ "#
þ ∣ #"
Þ= ffiffiffi
2
p

is superradiant decaying at rate ΓS, while

the singlet state, ∣Si � ð∣ "#
� ∣ #"
Þ= ffiffiffi
2
p

is subradiant decaying at rate
ΓA. We also remark that these two states are decoupled from each other in
Lρ, and are also eigenstates of the symmetric interaction characterized by
J s. However, theDM interaction, which is parity-odd, exchanges these two

states ðẑ � σ̂!1 × σ̂
!

2Þ∣T; Si / ∣S;Ti.

In the following subsection, we analytically study the interplay between
the symmetric interaction, the DM interaction, and the local and correlated
decay processes. For the sake of concreteness, we assume the initial state is a
trivial product state ∣ "#
. We denote the density matrix as
ρ ¼ Gt ∣Ti Th ∣þ Gs∣Si Sh ∣þ Gts∣Ti Sh ∣þ H.c.

� �þ Δρ, where Δρ stands
for other elements of the densitymatrix. In this scenario, the concurrence of
the two-qubit system can be shown to take the simple form of

C½ρ� ¼ jCR þ iCI j, with

CR � Gs � Gt; and CI � 2 ImGts; ð31Þ

which indicates that the entanglement of the qubits has two independent
contributions (see Supplementary Note 4 for detailed derivations). To gain
some physical understanding of this expression, we observe that the first
contributionarises fromthe asymmetry in thepopulationsof the triplet state
∣Ti and singlet state ∣Si, which is proportional to ∣ "#
 #"�

∣þ ∣ #"
 "#�
∣.

The second contribution comes from a finite imaginary part ofGts, which is
proportional to ∣ "#
 #"�

∣� ∣ #"
 "#�
∣. Both indeed characterize the

coherence (superposition) of ∣ "#
 and ∣ #"
.
Le us now analyze one basic scenario in which the environment pos-

sesses inversion symmetry, resulting in a real correlated noise spectral
density S12(ω). In this case, the DM interaction is absent. The dynamics of
the singlet state Gs and triplet state Gt are decoupled due to the symmetry,
while the real and imaginary parts ofGts are coupled to each other due to the
symmetric exchange coupling J s, as illustrated in Fig. 4a. The complete
dynamics is analytically solved in the Supplementary Note 4.

The impact of correlated quantum noise on the two-qubit dynamics is
twofold. Firstly, the noise enters through the collective decay γ#12, which
results in different decay rates for the population of the singlet and triplet
states, as demonstrated in theupperpanel of Fig. 4b, leading to an increase in
entanglement. Secondly, the noise enters through the coupling J s, which
gives rise to oscillation of ImGts, causing the entanglement to also oscillate.

Fig. 4 | Entanglement dynamics of resonantly driven qubits with initial state
∣ "#
. a–cQubit dynamics in the absence of DM interactionD. a Schematic for the
coupled dynamics of relevant density matrix elements. In the absence of the DM
interaction D ¼ 0, the dynamics of Gs and Gt are decoupled from each other,
decaying independently at rates of γ# � γ#12 and γ# þ γ#12, respectively. The real
and imaginary parts of Gts are coupled to each other through the symmetric
couplingJ s , while they decay at the same rate γ↓. b The upper panel illustrates the
decay of the superradiant state ∣Ti and the subradiant state ∣Si, which is inde-
pendent of the parameterJ s . The lower panel shows the oscillations of the real and
imaginary parts of Gts with frequency 2J s , where we use parameter J s ¼ 5γ# .
c Entanglement quantified by the concurrence C½ρðtÞ� between two qubits as a
function of time with varying parameter J s. The oscillation frequency of the
entanglement is / J s . The entanglement is bounded below by ∣Gs− Gt∣ at any
time. At large time t≫ 1/γ↓, the oscillation is insignificant and the dynamics is
dominated by the local and correlated noise. d–fQubit dynamics in the absence of

symmetric interaction. d The dynamics of Gt and Gs are coupled to each other via
ReGts, in the presence of the DM interaction, while ImGts is decoupled from other
elements. Assuming D > 0 without loss of generality, the probability in ∣Si would
flow to Gt when ReGts<0, whereas the probability flows in the opposite direction
when ReGts > 0. The changing rate of ReGts is determined by the difference
between Gt and Gs, Re∂tGts ¼ �γ#ReGts þDðGt � GsÞ. e The upper panel shows
the oscillations of Gt and Gs when D ¼ 5γ# . The lower panel shows the their time
evolution when the DM coupling is small D ¼ 0:45γ# , where we do not see the
oscillation behavior as the dynamics is overdamped. f Entanglement between two
qubits as a function of time with varying strength of DM coupling D. The green
curve shows the oscillation of entanglement, where the DM coupling is large and
the dynamics is underdamped.The red curve is the critical point, where the
entanglement stops oscillating and behaves as/ te�γ

# t . The blue curve is when the
DM coupling is small, where the dynamics is overdamped. Parameters used in all
figures: γ↓ = 1 μs−1 and γ#12 ¼ 0:9γ# .
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This is illustrated in the lower panel of Fig. 4b. Toquantitatively analyzehow
the quantum coherence in the system evolves, we deduce the equation of
motion for CR and CI , which take the following simple form:

€CR þ 2γ# _CR þ ðγ#2 � γ#212 ÞCR ¼ 0;
€CI þ 2γ# _CI þ ðγ#2 þ 4J 2

s ÞCI ¼ 0;
ð32Þ

representing an overdamped and an underdamped harmonic oscillators,
respectively. The local noise γ↓ serves as a “friction” force, impeding the
increase of CR and CI and, thus, the entanglement. Surprisingly, the corre-
lated quantum noise (γ#12 and J s) acts as an active force that facilitates the
increase of entanglement. Considering the initial state ∣ "#
, these equa-
tions can be solved and reveal the following entanglement dynamics
encoded in the concurrence:

C½ρðtÞ� ¼ e�γ
#t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2ðγ#12tÞ þ sin2ð2J stÞ

q
: ð33Þ

We observe that while the local noise has a detrimental effect on
entanglement, the correlated quantum noise-induced correlated decay
and coherent coupling both have a beneficial effect. Interestingly, in the
absence of coherent coupling J s ¼ 0, a sizable amount of entanglement
can be generated in the pure dissipative evolution due to the correlated
decay, corresponding to the blue curve in Fig. 4c. It also provides a lower
bound on the entanglement when J s is finite, as evidenced by the green
and red curves in Fig. 4c, which display entanglement oscillations with a
frequency proportional to J s. We remark that, at the long-time
evolution limit, the entanglement scales as
C½ρðt!1Þ� / exp½�ðγ# � γ#12Þt�. This persistence can be attributed
to the slow decay of the singlet state, which is long-lived when the
correlated noise is comparable to the local noise, γ#12 ! γ#.

Let us now study another basic scenario where the DM interaction is
present while the symmetric interaction vanishesJ s ¼ 0. The dynamics of
the population of the singlet state Gs and of the triplet state Gt are now
coupled to each other due to parity-breaking interactionD. The probability
flows from the triplet state to singlet state when ReGts > 0, and in the
oppositedirectionwhenReGts < 0,while the dynamics ofReGts is governed
by the relative population of these states and can be expressed as
Re∂tGts ¼ �γ#ReGts þDðGt � GsÞ, as shown in Fig. 4d. The element
ImGts is decoupled from other elements and remains zero when the initial
state is ∣ "#
.We solve the coupleddynamics analytically in Supplementary
Note 4.

The two-qubit dynamics is affected in two ways by the presence of
correlated quantum noise. Firstly, similar to the pure symmetric exchange
case, the correlated noise-induced collective decay γ#12 gives rise to different
decay rates of Gt andGs, which can lead to the generation of entanglement.
On the other hand, the correlated noise-induced DM interactionD causes
an oscillation between the singlet and triplet state, which can interfere with
the effect of γ#12 in a nontrivial manner. Remarkbaly, one can construct a
rather simple equation of motion for CR from the coupled complex
dynamics to quantify the entanglement evolution:

€CR þ 2γ# _CR þ ðγ#2 � γ#212 þ 4D2ÞCR ¼ 0: ð34Þ

Weobserve that the quantum correlated noise-induced collective decay and
DM interaction compete with each other, while the local noise γ↓ still acts as
a “friction” force as before. When the coherent interaction dominates
D > γ#12=2, the system oscillates between the singlet and triplet states,
resembling an underdamped oscillator, as illustrated in the upper panel of
Fig. 4e. In the regime where D < γ#12=2, the system can be described by an
overdamped oscillator.Whenever the probability flows to the triplet state, it
quickly decays due to the strong dissipation γ# þ γ#12, preventing the
probability from returning to the singlet state, and therefore, it does not
exhibit any oscillatory behavior, as illustrated in the lower panel of Fig. 4e.
With the initial state ∣ "#
, we solve the entanglement dynamics, which

reveals three distinct dynamic regimes:

C½ρðtÞ� ¼ e�γ
#t ×

∣ðγ#12 þ 2DÞ sinωrt∣=ωr; 2jDj>γ#12;
2γ#12t; 2jDj ¼ γ#12;

∣ðγ#12 þ 2DÞ∣ sinh κt=κ; 2jDj<γ#12;

8><
>: ð35Þ

with ωr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4D2 � γ#212

q
and κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ#212 � 4D2

q
. In the underdamped

regime, the entanglement exhibits oscillations at a frequency of ωr, as illu-
strated by the green curve in Fig. 4(f), where the odd and even peaks
correspond to the singlet and triplet states, respectively. The entanglement
decays on a characteristic timescale of 1/γ↓. At the critical point where
2jDj ¼ γ#12, the oscillation behavior ceases, and the entanglement follows a
scaling of / te�γ

#t , as depicted by the red curve in Fig. 4f. The loss of
oscillation can be clearly observed in Fig. 5, where the dashed orange line
represents the critical point; entanglement exhibits oscillations above this
point, while there is no oscillation below it. In the overdamped regime, the
entanglement exhibits a scaling behavior of / exp½�ðγ# � κÞt�, with an
extended lifetimeof 1/(γ↓− κ),while themaximal entanglement it can reach
is reduced in the dynamics, as shown by the blue curve in Fig. 4f.

Our findings indicate that while noise typically poses challenges in
quantum information processing, correlated quantum noise, when effec-
tively utilized, can become a key resource for generating substantial long-
lived entanglement. Importantly, the entanglement generation process can
be precisely controlled on-demand by simply switching the driving on
and off.

Contrasting with idle qubits that lack driving and cannot develop
coherence through correlated dephasing dynamics, we interestingly observe
that correlated decay, induced by transverse noise, can generate substantial
entanglement. This occurs as the decay rates of singlet and triplet states
differ. Notably, while both arise from correlated quantum noise and con-
tribute to entanglement generation, the interplay between correlated decay
and coherent coupling results in distinct dynamical regimes. From the two
fundamental cases presented here, one can extrapolate to dynamics when
both symmetric exchange andDM interaction are present, and we leave the
detailed discussion of this situation to Supplementary Note 4.

Fig. 5 | Entanglement dynamics of two driven qubits under DM interaction with
initial state ∣ "#
. The plot shows the time evolution of entanglement as a function
of DM interaction strength D. The dashed orange line at D ¼ 0:45γ# separates the
underdamped and overdamped regimes. When D is above the dashed line, the
entanglement exhibits oscillations with increasing frequency as D increases. In
contrast, below the dashed line, the entanglement decays on a longer timescale and
does not exhibit oscillations. Parameters we use in the figure are γ↓ = 1 μs−1

and γ#12 ¼ 0:9γ# .

https://doi.org/10.1038/s41534-024-00842-9 Article

npj Quantum Information |           (2024) 10:46 8



Driven spin qubits subject to correlated 1/f noise
Building upon the insights obtained from the previous study on
Markovian noise, in this section, we investigate the impact of spatially
and temporally correlated 1/f noise, which is non-Markovian in nat-
ure. We assume that the two driven qubits are located within a few
hundred nanometers of each other, and thus the spatially correlated
noise is comparable to the local noise S12 ≈ Sii in the relevant frequency
range. We present an analytical investigation into two situations, in
the first one, only classical 1/f noise is present, while in the second one,
we include also quantum 1/f noise, comparable to the classical noise.
This situation can occur at low temperatures, when kBT≤ℏΩ, where
the ability of qubits to emit and absorb energy is different. For sim-
plicity, we assume that the spectral density of the correlated noise is
real, and we focus on its temporal correlations. The detailed deriva-
tions of the results in this section are sketched in Supplementary
Note 5.

In the presence of purely classical 1/f noise, the two-qubit dynamics is
governed by the TCL master equation (17) with vanishing coherent cou-
pling J ðtÞ ¼ 0 and equal local and correlated absorption and decay rates,
denoted as γðtÞ � γ#ij ¼ γ"ij , with following form:

γðtÞ ¼ 2
_2
R1
0

dω
2π S

C
ii ðωÞ Fsðω�Ω; tÞ þ FsðωþΩ; tÞ� �

¼ 4σ2

_2Ω
SiðΩtÞ � sinðΩtÞCiðωltÞ
� �

:
ð36Þ

Here, SiðxÞ � R x
0 dτ sinðτÞ=τ is the sine integral function. One surprising

feature of the rate γ(t) is that it can take negative values during finite time
intervals, denoted by the purple regions in Fig. 6a. This behavior is an
indication of non-Markovian memory effects, reflecting the exchange of
information between the two qubits and the environment67. Nevertheless,

the time integral of γ(t), denoted as

ΓðtÞ �
Z t

0
ds γðsÞ; ð37Þ

must remainnon-negative due to the complete positivity requirement of the
system dynamics52,93. This is illustrated in the inset of Fig. 6a.

Basedon the insights gained fromtheprevious sections,we anticipate
that entanglement generation would not be possible with purely classical
correlated noise. This is indeed the case even when the noise is temporally
correlated, as shown in the inset of Fig. 6b, where the entanglement
remains to be zero with a trivial initial product state ∣ "#
. A new feature
arising from thenon-Markoviannature is the occurrence of oscillations in
the decay of entanglement, when the initial state is entangled. For con-
creteness, we initialize the system to be the Bell state
∣ψ0


 ¼ ð∣ "#
þ i∣ #"
Þ= ffiffiffi
2
p

. The dynamics of the entanglement is then
given by

C½ρðtÞ� ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4e�6ΓðtÞsinh2ð3ΓÞ þ 9e�4ΓðtÞ

q
þ e�6ΓðtÞ � 1

� �
; ð38Þ

which is depicted in Fig. 6b. To gain some insights, let us consider a
specific quantum trajectory. During time intervals where the rate
γ(t) > 0, the system can undergo quantum jumps, which can lead to the
loss of coherence and a transition from an entangled state such as ∣ψ0



to

a trivial state like ∣ ##
 with a finite probability. Conversely, during the
negative rate γ(t) < 0 later on, the quantum jump process can be inter-
preted as a jump in the reverse direction67,94–96, ∣ψ0


 ∣ ##
, with a
finite probability of restoring the lost superposition due to the non-
Markovian memory effect. As a result, the entanglement exhibits a
temporary increase during the decoherence process, as illustrated in
Fig. 6b.

We now investigate the impact of quantum correlated noise in the
quantum regime where SQ ≈ SC. The dynamics of the two-qubit system is
governed by the same master equation (17), with the decay and absorption
rates defined as

γ#ij ðtÞ ¼ 4
_2
R1
0

dω
2π S

Q
ij ðωÞFsðω�Ω; tÞ;

γ"ij ðtÞ ¼ 4
_2
R1
0

dω
2π S

Q
ij ðωÞFsðωþΩ; tÞ:

ð39Þ

Considering that the filter function Fs(ω+Ω, t) is peaked atω =−Ωwhich
lies outside the range of integration, we approximate the absorption rate γ"ij
to be zero to enable complete analytical solution of the dynamics. In the
strong correlated noise regime considered in this section,we assume that the
local and correlated decay rates are equal and we denote them as
γ#ðtÞ � γ#ij ðtÞ, which is evaluated to be:

γ#ðtÞ ¼ 4σ2

_2Ω
πð1� cosΩtÞ=2� sinΩtCiðωl tÞ þ SiðΩtÞ� �

: ð40Þ

The upper panel of Fig. 7a shows that the rate γ↓(t) can be negative tem-
porarily, while its time integral defined as

Γ#ðtÞ �
Z t

0
ds γ#ðsÞ; ð41Þ

must bepositive due to the complete positivity of thedynamics, as illustrated
in the inset. In the presence of quantum correlated noise, the coherent
coupling J ðtÞ in the Hamiltonian (18) is nonvanishing and given by:

J ðtÞ ¼ 2
_2
R1
0

dω
2π S

QðωÞ Fcðω�Ω; tÞ þ FcðωþΩ; tÞ� �
¼ � 2πσ2

_2Ω
sinΩt;

ð42Þ

Fig. 6 | Entanglement dynamics of two driven qubits under pure classical 1/
f noise. a Temporal evolution of the decay rate γ(t) depicted as a function of time,
where the occurrence of negative values is identified within the marked purple
intervals. However, the integral of the decay rate Γ(t), as highlighted in the inset of
a, must remain nonnegative to ensure the complete positivity of the dynamics.
b Entanglement between two qubits as a function of timewith the initial state being a
Bell state ∣ψ0


 ¼ ð∣ "#
þ i∣ #"
Þ= ffiffiffi
2
p

, and the inset shows the entanglement with
initial state ∣ "#
. Parameters that are used in the plots: ℏ/σ = 100 ns,ωl/2π = 1MHz,
and Ω/2π = 1 GHz.
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which oscillates with a frequency of Ω and takes values comparable to the
decay rate as shown in the lowerpanel of Fig. 7a.Todemonstrate the effectof
quantum noise, we first initialize the system into the Bell state ∣ψ0


 ¼
ð∣ "#
þ i∣ #"
Þ= ffiffiffi

2
p

and investigate how the entanglement decays in the
presence of both classical and quantum 1/f noise. We show the entangle-
ment in this case is given by

C½ρðtÞ� ¼ e�Γ
#ðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2Γ#ðtÞ þ cos2ΦðtÞ

q
; ð43Þ

with the phase Φ(t) defined as ΦðtÞ � R t
0 dsJ ðsÞ ¼ 2πσ2ðcosΩt �

1Þ=_2Ω2: It is shown as the blue curve in Fig. 7b, with the purely classical 1/f
noise case also shown for contrast as the purple curve. The temporary
increase in the entanglement during the decoherence process is also
observed in the presence of quantum correlated noise. In the case of strong
correlatedquantum1/fnoise, decoherenceoccurs at amuch slower rate, and
the net effect of quantum noise is reflected in the shaded blue region in Fig.
7b. The entanglement is long-lived, and the final entanglement approaches
1/2 due to the long-lived singlet state with a decay rate of γ#ii � γ#12, which is
almost zero when the correlated noise is comparable to the local noise. For
arbitrary temperature, the residual entanglement is shown to be:

C½ρ1� ¼ 1
2� 3

4 coshðβ_ΩÞþ2

¼ 2½SQðΩÞ�2
3½SCðΩÞ�2þ½SQðΩÞ�2 ;

ð44Þ

which is shown in the inset of Fig. 7b.Herewe have invoked thefluctuation-
dissipation theorem SCij ðωÞ ¼ cothðβ_ω=2ÞSQij ðωÞ. It can be clearly observed
that in the classical limit where kBT≫ ℏΩ, SQ = 0, the final entanglement is
zero as expected. Furthermore, we also conclude that there is always a finite,
long-lasting entanglement present when the correlated quantum noise
(comparable to local quantum noise) is finite.

To investigate the entanglement generation by spatially correlated
quantum 1/f noise, we consider a simple initial state ∣ "#
. The entangle-
ment then is given by

C½ρðtÞ� ¼ e�Γ
#ðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2Γ#ðtÞ þ sin2ΦðtÞ

q
: ð45Þ

We note that there are temporary decrease in the growing entanglement,
which finally reaches 1/2, as shown in Fig. 7c and its inset. This can also be
attributed to the non-Markovian memory effect. Considering a quantum

trajectory, when thedecay rate is positive γ↓(t) > 0, the systemcan undergo
quantum jumps, taking the product state to an entangled state in the
presence of correlated quantum noise. Later, when the decay rate is
negative γ↓(t) < 0, the state jumps back to a product state from the
entangled state, which leads to the temporary dip in the entanglement
growth. Our findings demonstrate the potential of utilizing the correlated
quantum 1/f noise, which is ubiquitous in solid-state quantum computing
platforms, to generate significant entanglement or delay the decoherence
process in two-qubit systems. We also illustrate the effects of the non-
Markovianity of the noise in the dynamics of two driven qubits.

Comparison with the Single Qubit Case
After investigating the entanglement dynamics between two qubits in the
presence of the correlated noise, it is helpful to compare it with the coher-
ence decay in a single qubit case. We first consider an idle qubit without
driving. In this case, its dynamics is governed by the following master
equation in the interaction picture, according to Eq. (12),

_ρðtÞ ¼ γzðtÞ½σzρσz � ρ�; ð46Þ

where ρ is the density matrix for the qubit, and the local dephasing rate
experienced by the qubit is

γzðtÞ ¼ 4
_2
R1
0

dω
2π

sinðωtÞ
ω

2πσ2
ω

¼ 4σ2t
_2

1� Ciðωl tÞ
� �

:
ð47Þ

The diagonal elements of ρ do not evolve in the pure dephasing noise. The
off-diagonal element, representing the superposition of two states of the
qubit, decays as

ρ12ðtÞ ¼ ρ12ð0Þ exp �2
R t
0 ds γ

zðsÞ
� 

¼ ρ12ð0Þ exp � 2σ2t2

_2
3� 2γ� 2 lnðωl tÞ
� �h i

;
ð48Þ

which is the well-known Gaussian decay with a logarithmic correction. We
note that thepresenceof correlatednoise in the two-qubit case [asdetailed in
the discussion above Eq. (25)] only modifies the prefactor of the decay
function of the off-diagonal elements. We point out that, while the local
noise spectral density corresponds to the local correlator of the environment
and the correlated noise spectral density is linked to the nonlocal correlator
in real space, both types of spectral density encapsulate information about
the correlation of the environment. This is evident fromEq. (9), where Sij(ω)

Fig. 7 | Analysis of driven qubit dynamics in the presence of quantumnoise. aThe
upper panel depicts the time-dependent decay rate γ↓, which can take negative
values for certain time intervals (indicated by purple shading). Its time integral Γ↓

is positive at all times to ensure the complete positivity of the dynamics. The
lower panel shows the coherent coupling J between two qubits as a function of
time. b Time-dependent entanglement for a maximally entangled initial state
∣ψ0


 ¼ ð∣ "#
þ i∣ #"
Þ= ffiffiffi
2
p

. The blue shaded area demonstrates the impact of
quantum noise, with the blue and purple curves representing cases with and

without quantum noise, respectively. The inset displays the final steady-state
entanglement as a function of temperature, which is zero in the classical limit and
1/2 in the quantum regime. c Entanglement evolution as a function of time for an
initial state ∣ "#
. The effect of quantum noise is illustrated by the blue shaded
region (the entanglement remains at zero when only classical noise is present).
The inset reveals a final entanglement value of 1/2 with ℏ/σ = 3 ns within a
time ~ 10 ns. The plotted results are obtained using the following parameters: ℏ/
σ = 100 ns, ωl/2π = 1 MHz, and Ω/2π = 1 GHz.
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includes contributions fromexcitations in the environmentpossessingfinite
wavelengths.

When the qubit is resonantly driven, its dynamics is described by the
master equation:

_ρ ¼ γ#ðtÞ σ̂�ρσ̂þ � 1
2 fσ̂þσ̂�; ρg

� �
þ γ"ðtÞ σ̂þρσ̂� � 1

2 fσ̂�σ̂þ; ρg
� �

;
ð49Þ

in the interaction picture according to Eq. (17). We consider the scenario
wherebothquantumandclassical noise arepresent, SQ(ω) ≈ SC(ω) = 2πσ2/ω.
Then the decay and absorption rates are

γ#ðtÞ ¼ 4
_2
R1
0

dω
2π

2πσ2
ω Fsðω�Ω; tÞ

γ"ðtÞ ¼ 4
_2
R1
0

dω
2π

2πσ2
ω FsðωþΩ; tÞ:

ð50Þ

Similar to the approximation that wemade in Eq. (39), we approximate the
absorption rate to be zero since Fs(ω+Ω, t) is sharply peaked at ω =−Ω
which is outside the integration range. The explicit expression of the decay
rate is given in Eq. (40). The off-diagonal element decays as:

ρ12ðtÞ ¼ ρ12ð0Þ exp �
1
2

Z t

0
ds γ#ðsÞ

� �
: ð51Þ

We can also write down the evolution of hσ̂xi (in Heisenberg picture):

hσ̂xiðtÞ ¼ hσxið0Þ cosðΩtÞ � hσyið0Þ sinðΩtÞ½ �
× exp � 1

2

R t
0 ds γ

#ðsÞ
� 

:
ð52Þ

Compared with the dynamics observed in the two-qubit scenario, it is
notable that the correlated noise dramatically alters the dynamics, distinctly
different from its impact on idle qubits. In particular, the correlated noise
introduces an asymmetry in the decay rates of the singlet and triplet states.
This asymmetry results in the exponential growth factor observed in the
entanglement dynamics inEqs. (33), (35), (43), and (45), as elaborated in the
previous sections.

Discussion
In this paper, we have presented a comprehensive analytical study of the
two-qubit dynamics subject to both local and non-local spatially correlated
noise. Our analysis is based on a time-local TCL master equation that is
applicable for generic noise spectra, including both Markovian and non-
Markovian noise. We explored how the classical and quantum correlations
stored in the noise dictate the qubit dynamics. Our study shows that at
temperatures higher than the Rabi frequency of the qubit, where classical
noise dominates, correlated noise affects only the decoherence rate without
causing qubit entanglement. This suggests that higher operating tempera-
tures can effectively reduce crosstalk between qubits due to correlated
noise66.

In the case of low temperatures, when both classical and quantum
correlations are present in the noise, the correlated quantum noise intro-
duces various new effects. These include the coherent Ising interaction and
correlated dephasing in the case of purely dephasing noise, as well as the
coherent symmetric exchange, DM interaction, and correlated relaxation in
the case of transverse noise. We have illustrated the effects of these inter-
action by solving the two-qubit dynamics analytically. Specifically, our
analysis has demonstrated that only the noise-induced Ising interaction, not
the correlated dephasing, can lead to entanglement with finite lifetime. In
the case of transverse noise, our findings indicate that coherent interactions
and correlated relaxation not only generate substantial entanglement but
also notably extend its lifetime. Moreover, this process can be on-demand
activated or deactivated through coherent qubit drive.Wefinally studied the
non-Markovian memory effect by investigating the correlated 1/f noise,
where the decay rate can be negative temporarily.

Our research underscores the advantageous potential of operating
qubits at higher temperatures in scenarios involving correlated noise.
Additionally, we emphasize the significance of employing resonant qubit
drive at lower temperatures, which acts as an effective switch for turning on
and off the generation of long-lived entanglement. This approach leverages
correlated noise as a valuable resource.

Future work will explore the effect of long-ranged noise, beyond
nearest-neighbor, in multiple qubit systems. This case is critical for
future experiments aiming to scale up quantum processors, especially
because recent measurements highlighted the presence of long-range
noise in spin qubits in quantum dots62. Investigating how the correlated
noise affects standard quantum operations, such as the fidelity of two-
qubit gates is therefore critical52. Additionally, it is important to
understand how the correlated noise interferes with existing strategies
developed to suppress the impact of single-qubit noise, such as quan-
tum error correction codes, dynamical decoupling, and sweet spots.
Our work provides a solid foundation for future research in these
directions and will serve as a starting point to address these challenges
towards large-scale quantum computers.

Methods
Analytical formalism
Our analysis relies on the time-convolutionless projection operator
approach. Let us consider a system of our interest coupled to an environ-
ment thatwewill not keep track of. The dynamics of the combined system is
governed by a microscopic Hamiltonian of the form:

H ¼ HS þ HE þ HSE; ð53Þ

where HS and HE dictate the time evolution of the system and the
environment, respectively, and HSE describes the coupling between
them. In the platform considered in the main text, HS is the two-qubit
system that is of interest and HE is the environment that gives rise to
local and correlated noise, leading to decoherence of qubits via the
couplingHSE. It is convenient to work in the interaction picture, where
the density matrix of the combined system ρtot(t) obeys the following
equation of motion:

dρtotðtÞ
dt
¼ LðtÞρtotðtÞ; ð54Þ

with the Liouville superoperator defined as LðtÞρtotðtÞ �
�i½HSEðtÞ; ρtotðtÞ�=_ and the coupling in interaction picture
HSEðtÞ � exp½iðHS þHEÞt=_�HSE exp½�iðHS þ HEÞt=_�. We aim to
derive the equation ofmotion for the reduced densitymatrix ρof the system.
To this end, we introduce a projection superoperator P that projects any
density matrix ρtot onto the system part of the Hilbert space:
Pρtot � trE½ρtot� � ρB,where the trace is taken over the environment andρB
is the initial state of the environmentwhichwe take to be the thermal state in
themain text.We note that our goal is to obtain a closed equation forPρtot,
which would give us the equation for ρ naturally. Accordingly, a com-
plementary superoperator Q can be defined by Q � I � P, with the
identity operator I , which projects on the irrelevant part of the density
matrix. By applying the projection operators P andQ to the Liouville-von
Neumann equation (54), we arrive at

d
dtPρtotðtÞ ¼ PLðtÞPρtotðtÞ þ PLðtÞQρtotðtÞ;
d
dtQρtotðtÞ ¼ QLðtÞPρtotðtÞ þQLðtÞQρtotðtÞ:

ð55Þ

The idea now is to solve for QρtotðtÞ formally and substitute it into the
equation forPρtot, which results in a closed equation forPρtot. At this point,
there are typically two ways to proceed, both of which give rise to exact but
conceptually different equations of motion for the reduced density matrix.
These methods are detailed in Ref. 88. One approach leads to the well-
known Nakajima-Zwanzig equation, which is a time-non-local equation
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containing a memory kernel. In contrast, the second method yields a time-
convolutionless master equation with the following form:

d
dt

Pρtot ¼ KðtÞPρtotðtÞ; ð56Þ

whereKðtÞ is a time-local generator, known as the TCL generator, and we
have assumed the initial state of the combined system takes the form of
ρtot(0) = ρ(0)⊗ ρB thus Qρtotð0Þ ¼ 0. As customary, we assume
trE½HSEðtÞρB� ¼ 0 (namely, the noise operator Ei in the main text has
vanishing mean in state ρB) and also assume that coupling between the
system and the environment is sufficiently weak. Thus we can truncate the
TCL generator KðtÞ at second order, yielding:

KðtÞ ¼
Z t

0
dsPLðtÞLðsÞP: ð57Þ

Therefore, the TCLmaster equation for the reduced density matrix ρ in the
interaction picture takes the form of

d
dt

ρðtÞ ¼
Z t

0
ds trE LðtÞLðsÞρðtÞ � ρB

� �
: ð58Þ

This equation serves as the starting point of our analysis.

Data availability
All data supporting the findings of this study are obtained from analytical
solutions, which are available within the article and its Supplementary
Information.
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