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spreading dynamics
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Different cross-sectional and clinical research studies investigated that chronic HBV infected
individuals’ co-epidemic with COVID-19 infection will have more complicated liver infection than

HBYV infected individuals in the absence of COVID-19 infection. The main objective of this study is to
investigate the optimal impacts of four time dependent control strategies on the HBV and COVID-19
co-epidemic transmission using compartmental modeling approach. The qualitative analyses of the
model investigated the model solutions non-negativity and boundedness, calculated all the models
effective reproduction numbers by applying the next generation operator approach, computed all

the models disease-free equilibrium point (s) and endemic equilibrium point (s) and proved their local
stability, shown the phenomenon of backward bifurcation by applying the Center Manifold criteria. By
applied the Pontryagin’s Maximum principle, the study re-formulated and analyzed the co-epidemic
model optimal control problem by incorporating four time dependent controlling variables. The study
also carried out numerical simulations to verify the model qualitative results and to investigate the
optimal impacts of the proposed optimal control strategies. The main finding of the study reveals that
implementation of protections, COVID-19 vaccine, and treatment strategies simultaneously is the
most effective optimal control strategy to tackle the HBV and COVID-19 co-epidemic spreading in the
community.
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Pathogenic microbial agents such as funguses, viruses, bacteria and parasites have been the most causative agents
of infectious diseases. HBV and COVID-19 co-epidemic is an infectious disease caused by two virus pathogens
and has been affecting the life of million individuals in various nations throughout the world!=>.

Different studies reveal that HBV is one of the microbial pathogenic viruses that commonly influencing the
work of individuals’ liver and has been a cause for death of millions of individuals with its chronic stages liver
cirrhosis and cancer®*. HBV spreads in the population through direct and indirect transmission like with blood
contact or fluids of infectious people or during child birth®*.

The pandemic of COVID-19 in 2020 has yet to be fundamentally contained and it puts a long pause button
on the lives of people around the globe®. The acute respiratory infectious disease COVID-19 was discovered
in China and has been declared as a world pandemic contagious disease’"'*. Due to its very high spreading
rate, on March 11, 2020, WHO explained it as a worldwide pandemic infectious disease!®!>1°, Individuals can
acquire COVID-19 infection directly from other individuals by touching contaminated objects and indirectly
by air droplets inhalation from other individuals sneezing or/and coughing'’~". It negatively affects the world
nations’ health policies, economies and population densities?®*!. The protection and control measures explained
by WHO are quarantine, applying face masks, hand washing, isolation, vaccination, maintaining social distance
and treatment strategies'”*"?2.
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Different researchers throughout nations in the world have studied about the co-interaction of COVID-19
with various infectious diseases like tuberculosis (TB), HIV/AIDS, HBV and cholera?2%, The studies carried
out in references*?**~%, formulated and analyzed the spreading dynamics of infectious diseases using com-
partmental integer order modeling approach, studies carried out in references>?® formulated and examined
the spreading dynamics of infectious diseases using stochastic modeling approach, and studies carried out in
references?*?%*%4-50 are formulated and analyzed using fractional order modeling approach.

Investigating and predicting the spreading rates of infectious diseases using compartmental modeling
approaches has fundamental effects to tackle the spreading problem in the community®. To construct and exam-
ined the HBV and COVID-19 co-epidemic compartmental integer order model we have reviewed the following
published research literatures by other scholars in different countries throughout the world: Baba et al.*?, formu-
lated a novel COVID-19 mathematical model to investigate the imposition of lockdown during its pandemic.
Their main objective is to study and investigate the imposition of lock-down on the dynamics of COVID-19
in Nigeria. Ibrahim et al.*’ constructed and analyzed a COVID-19 model by applying real data from Thailand.
From their model analysis results to tackle the problem they suggested that public health policymakers should
prioritize increasing the intervention strategies such as vaccination coverage, enhancing testing and tracing
capacities, enforcing social distancing and mask wearing measures, and monitoring the emergence and spread
of new variants. Li and Guo® formulated and examined a mutated COVID-19 (delta strain) mathematical model
and the corresponding optimal control problem with imperfect vaccination. Their findings suggested that the
optimal control strategy is to dynamically adjust the three control measures to achieve the lowest number of
infections at the lowest cost. Guo and Li** constructed and analyzed novel coronavirus pneumonia (COVID-19)
in China. Their analysis result proves that theoretically the Chinese government’s epidemic prevention strategies
are effective to control the spread of COVID-19 infection. Tchoumi et al.® examined the optimal control measures
on the COVID-19 and malaria co-epidemic by constructing its compartmental model. The finding of their study
shows that the combined implementation of protection strategies is the best control measure to minimize the co-
epidemic in the population. Teklu and Koya®' developed pneumonia and HIV/AIDS co-infection and examined
the impacts of treatment and vaccination controlling measures to tackle the spreading problem. Hezam et al.?,
investigated the impacts of prevention measures on the co-infection of cholera and COVID-19 in Yemen by
applying compartmental modeling method. Anwar et al.”?, examined the impact of isolation controlling strategy
for COVID-19 spreading in the population by using qualitative and numerical analysis of their compartmental
model. Ahmed et al.* and Ringa et al."! studied HIV/AIDS and COVID-19 co-infection using fractional order
and integer order modeling approach respectively. From their findings one can observe that protection strate-
gies are most efficient strategies to tackle the co-infection spreading in the population. Din et al.’> and Omame
et al.’! constructed a compartmental model on the spreading of HBV and COVID-19 co-epidemic through the
community using mathematical modeling approach and investigated the ways how to control the spreading of
the co-infection. Din et al.”® constructed HBV and COVID-19 co-epidemic stochastic model with limitation
of resources. The study investigates the fluctuation of the stochastic model HBV and COVID-19 co-epidemic
disease-free equilibrium point using Lyapunov function method and the numerical results justifies the qualita-
tive results. Teklu? formulated and examined the HBV and COVID-19 co-infection compartmental model to
investigate the effects of some prevention and controlling strategies without applying optimal control theory. Li
et al.>? constructed the generalized COVID-19 deterministic model to investigate the epidemiological character-
istics. Studies carried out in references>>*¢?**! investigated the co-existence spreading of HBV and COVID-19.

According to various mathematical modeling research studies of infectious diseases especially on HBV and
COVID-19 infection reviewed in our research process, none of them considered to study the impacts of our
proposed four time dependent control strategies on the HBV and COVID-19 co-epidemic model that incorporate
acute and chronic HBV infection stages, protection for both infections, and COVID-19 vaccination measures and
these makes our model novel as compared with previously HBV and COVID-19 co-infection models formulated
by other scholars. As a result of these scientific gaps the author motivated to achieve the main objective of this
paper that is to investigate the impact of vaccination, protection and treatment strategies for the prediction and
tackling of the HBV and COVID-19 co-epidemic spreading in the community by formulating a novel HBV and
COVID-19 co-epidemic model.

The rest part of this paper is organized in different sections as: section “Descriptions and model construction”
discussed procedures of the models formulations with its qualitative analyses carried out in section “Qualitative
analysis of the dynamical system”, the optimal control problem in section “The optimal control problem and its
qualitative analysis”, the numerical analysis in section “Numerical simulations’, and the conclusion of the whole
study in section “Conclusion”

Descriptions and model construction

In this sub-section, we need to formulate the integer order model on HBV and COVID-19 co-epidemic spread-
ing dynamics in the community by partitioning the human host population N (¢) into eleven distinct mutually
exclusive groups as: healthy people who are susceptible to either of COVID-19 or HBV single infection (S(t)),
individuals who can be protected against COVID-19 denoted by (Cp(?)), individuals who take protection against
HBYV denoted by (Hp(t)), individuals who take vaccine against COVID-19 denoted by (Cy ()), individuals who
are COVID-19 infectious denoted by (C;(t)), acute HBV infected people (H4 (t)), chronic HBV infected peo-
ple (Hc (1)), people who are co-epidemic by acute HBV and COVID-19 denoted by (I4c(¥)), individuals who
are co-epidemic by chronic HBV and COVID-19 denoted by ( Icc(t)), individuals who are recovered against
COVID-19 single infection denoted by (Cr(#)), and people who are treated from chronic HBV infection (Hr (t))
with total population given by

Scientific Reports |

(2024) 14:5328 | https://doi.org/10.1038/s41598-024-55111-8 nature portfolio



www.nature.com/scientificreports/

N(t) = S(t) + Cp(t) + Hp(¢) + Cv (¢) + Ci(t) + Ha(t) + Hc(#) + Lac(t) + Icc(t) + Cr(t) + Hr (2).

Because HBV is a chronic communicable infection, healthy individuals can be infected by HBV at the infec-
tion rate illustrated by

g(t) = %(HAU) + p1Hc(t) + palac(t) + pslcc (), (1

where p3 > py > p; > lare the proposed model parameters that modifies the infectivity of HBV and the param-
eter f; is the rate of HBV spreading.

Because COVID-19 is an acutely communicable disease, healthy individuals acquires COVID-19 at infection
rate illustrated by

() = B2(Cr(t) + wilac(t) + walcc (D), (2)

whenever w; > ®; > 1are the proposed model parameters which modifies the infectivity of COVID-19 and the
model parameter B is the rate of COVID-19 spreading.

Other basic assumptions to construct the proposed HBV and COVID-19 co-epidemic compartmental model:
the total human host population recruitment rate be A = b * N where b be the human birth rate, N be the total
number of population, the portions ki, ka,k3, and k4 with total sum 1 of the recruited individuals (A) respectively
are individuals go to the susceptible (healthy) group, the COVID-19 protection group, the HBV protection group
and the COVID-19 vaccinated group, vaccine against COVID-19 will not be 100% efficient, hence individuals
vaccine against COVID-19 will have a probability to be infected with infected with COVID-19 at some portion
given by ¢ for the serotype that will not be addressed by vaccine whenever 0 < & < 1, the number of human host
population is variable and homogeneously mixing in each group, treated individuals against HBV do not spread
HBYV to others, and there is no dual-infection simultaneous spreading.

Using the assumptions, descriptions in Tables 1 and 2, we construct the HBV and COVID-19 co-epidemic
individuals’ flow diagram illustrated with Fig. 1 below.

With the basic concepts illustrated by the individuals flow diagram given by Fig. 1 the HBV and COVID-19
co-epidemic dynamical system (model) is illustrated by

Parameters | Descriptions

In Natural death rate

A Recruited individuals

ai The rate at which individuals lose COVID-19 protection
o) The rate at which individuals lose HBV protection

€ Portion of individuals that do not covered by vaccine

] The rate of progression

o1 The parameter of modification

[o33 The parameter of modification

di COVID-19 disease death rate

dy Chronic HBV disease death rate

K COVID-19 recovery rate

y Treatment rate of acute HBV infection

P Waning rate of COVID-19 vaccination

v The modification parameter

B HBV spreading rate

B2 COVID-19 spreading rate

ky Portion of recruited individuals go to susceptible group
ky COVID-19 protection rate

ks HBV protection rate

ky COVID-19 rate of vaccine

8 The progression rate of the co-epidemic

01 COVID-19 treatment rate against acute HBV co-epidemic
3 COVID-19 treatment rate against chronic HIV co-epidemic
n Temporary immunity development rate

ds Death rate for acute HBV and COVID-19 co-epidemic
dy Death rate for chronic HBV and COVID-19 co-epidemic

Table 1. Parameter descriptions
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State variable

Descriptions

N

HBV or COVID-19 susceptible group

Cp

COVID-19 protected individuals

Hp

HBV protected individuals

Cy

COVID-19 vaccine group

G

Individuals who are infected with COVID-19

Ha

Acute HBV mono-infected individuals

Hc

Chronic HBV mono-infected individuals

Iac

Co-infected with acute HBV infection

Iec

Co-infected with chronic HBV infection

Cr

COVID-19 recovery individuals

Hr

HBV treatment individuals

Table 2. Descriptions of the state variables
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Figure 1. The COVID-19 and HBV co-epidemic individuals flow diagram where the functions Ay(¢) and A(¥)
are described in Egs. (1) and (2) respectively.
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S=kA+a1Cp+arHp + pCy +NnCr — (n + Ac + WS,
Cp = koA — (U + a1 + 1)Cp,
Hp = k3A — (a2 + . + Ac)Hp,
Cv =ksA — (o + p + An + €4¢)Cv,
Cr = 2cS+ JcHp + elcCy — (u + dy + & + vig)Cy,
Hy = uS+ igCp + 2uCv + 011sc — (0 + it + ¢14c)Ha, (3)
Hc = 60Hy + 631cc — (v + da + 1 + ¢2ic)He,
Lic = ¢1icHa + vinCr — (i + ds + 8 + 6)ac,
Icc = 8Iac + ¢2icHe — (u + ds + 62)Icc,
Cr =«Cr — (u+n)Cr,
Hy = yHc — pHr,
with initial data given by

S(0) > 0, Cp(0) = 0, Hp(0) > 0,Cy(0) > 0, C;(0) > 0,Hs(0) > 0, Hc(0) > 0,14¢c(0) > 0, Icc(0) >0,

Cr > 0, and Hy > 0.
(4)

The derivative for the total population using (3) is computed as

N = A — uN — (d\C; + daHe + dslac + dalce) (5)

The model solutions non-negativity and boundedness
The HBV and COVID-19 co-epidemic dynamical system (3) is epidemiologically meaningful whenever each of
the co-epidemic dynamical system solutions becomes non-negative and also bounded in space region illustrated

by
@ = { (8.Cp. Hp, Cy, Cp. Ha, He. Lnc Iec, Cr Hr) € RILN < 4 1 ©)

Theorem 1 (Non-negativity): The co-epidemic dynamical system (3) solutions defined by S(t), Cp(t),
Hp(t), Cy (1), Ci(t), Ha(t), Hc(t), Iac(t), Icc(t), Cr(t), and Hy(t) with the initial conditions described in (4) are
non-negative for any arbitrary timet > 0.

Proof: Let us consider the initial population as S(0) > 0,Cp(0) > 0, Hp(0) > 0,Cy(0) > 0,C;(0) > 0,Hp(0) > 0
,Hc(0) > 0,I4¢(0) > 0,1Icc(0) > 0,Cr(0) > 0, and Hr(0) > 0 then for all time t>0, we have to prove that S
(t)>0,Cp(t) > 0,Hp(t) > 0,Cy(t)>0, Cr(t)>0, Hy(t)>0, Hc(t)>0, Iac(t)>0, Icc(t)>0, Cr(t) > 0, and
Hr()>0.

Define:t=sup {t > 0: S(t) > 0,Cp(t) > 0,Hp(t) > 0,Cy(t) > 0,Cr(¢) > 0,Ha(t)>0,Hc(t)>0, Izc(t)>0,
Icc(t)>0,Cr(t) > 0,and Hr(t) > 0}. Since all the HBV and COVID-19 co-epidemic state variables S(t), Cp(t)
JHp(t), Cy (1), Cr(t), Ha(t), He(t), Lac(t).Icc(t), Cr(t), and Hr(t) are continuous we can justify that t > 0. If
7= + oo, then non-negativity holds. But, if 0 <7< + e we will have S(z) = 0, or Cp(r) = 0, or Hp(t) =0, or
Cp(t) = 0,0rCy(t) = 0,or Ho(t) = 0,0or Hc(t) = 0,0rI4c(t) = 0,0rIcc(t) = 0,0rCr(t) = 0,or Hy(t) = 0.

From the first equation of the full model (3) we do have

S+ (u + Ac + m)S = kiA +a1Cp + axHp + pCy +1Cy.

And integrate both sides using integrating factor we have determined the constant value.
T ,

S(t) = MyS(0) + M [ exp/ WHin®O+ic®dt oy A 4 o, Cp + azHp + pCy + nCr)dt > 0 where
0

- (urﬁ(iH(wmc(w)) . ‘
M, = exp 0 > 0,5(0) > 0, and from the meaning of 7, the solutions Cp(t) > 0,

Hp(t) > 0,Cy(t) > 0,Cgr(t) > 0, also the exponential function always is positive, then the solution S(r) > 0
hence S(t) # 0.
Again from the second equation of the full model (3) we do have
Cp+ (g + a1+ w)Cp = kA,
And also using t integrating factor after some calculations we obtained that

T —|« r+;u:+}(iH(w)>
Cp(t) = M1 Cp(0) + M [ exp/ Gritertimdti, Adt > Owhere M, = exp ( 1 0

0
and from the meaning of 7, the solution Cp(t) > 0 hence Cp(t) # 0.

> 0,Cp(0) > 0,
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Similarly, Hp(t) > 0, hence Hp(t) # 0, Cy () > 0, hence Cy(t) # 0, C(r) > 0, hence Ci(r) # 0,
Hx(t) > 0,hence Hy(t) # 0, Hc(t) > Ohence Hc(t) # 0, Ixc(t) > 0,hence Iyc(t) # 0, Icc(t) > 0, hence
Icc(t) # 0,Cr(t) > 0,hence Cr(t) # 0,and Hr(t) > 0,hence Hr(t) # 0.

Thus, T = +00, and hence all the solutions of the COVID-19 and HBV co-epidemic model (3) are
non-negative.

Theorem 2 (Boundedness): The HBV and COVID-19 co-epidemic model solutions are bounded in the region
described in Eq. (6).

Proof: Let(S, Cp, Hp, Cy,Cr, Ha, Hc, Iac, Icc, Cr, HT) € Rﬁrl be an arbitrary non-negative solution of the system
(3) with initial conditions given in Eq. (4).

Now adding all the differential equations given in Eq. (3) we have determined the derivative of the total popu-
lation N which is given in Eq. (5) asN = A — uN — (d,Cr + d2Hc + dslac + dalcc). Then by ignoring all the
infection classes we have determined that N < A — uN, and using separation of variables whenever t — 0o, we

have obtained that 0 < N < 2. Hence, all the positive feasible non-negative solutions of the co-epidemic model
(3) entering in to the region given in Eq. (6).

Qualitative analysis of the dynamical system
Before investigating the qualitative aspects of the COVID-19 and HBV co-epidemic system (3), it is fundamental
to collect some basic concepts about single infection sub-models of HBV or COVID-19.

The HBV sub-model qualitative analysis
In this part by assuming the absence of COVID-19 infection as Cp =Cy =Cj = Iyc = Icc = Cr = 0 in Eq. (3)
then the HBV mono-infection system dynamics illustrated by

S=kA+aHp — Qu + S,
Hp = ks A — (aa + w)Hp,

Hp = AgS — 0+ w)Ha, (7)
Hc =0Hy — (y +di + w)He,
Hr = yHc — pHr,

such that Ny (1) = S(¢) + Hp(t) + Ha(t) + Hc(t) + Hr(2) s the total population, Ay = %(HA + p1Hc)is HBV
infection rate at initial population illustrated S(0) > 0, Hp(0) > 0,H4(0) > 0,Hc(0) > 0 and H7(0) > 0.
Similarly the HBV sub-model (7) is epidemiologically meaningful in the space region illustrated by

21 = { (S.Hp, HaHe, Hr) e RLNy = & )
Local stability of HBV disease-free equilibrium
To compute the HBV sub-model (7) HBV disease-free equilibrium point make its right-hand equation as zero

. . ki A k3A
and putting Hy = Hc = Hy = 0we determined the results S° = %, HY = aI;3+Au . Thus, the HBV

sub-model (7) HBV disease-free equilibrium is represented by

0 _ 0 0 _ [ kiA(x+p)+asks A k3A
E% = (S°,HY,0,0,0) = <W ks o, 0,0).

The HBV equilibrium point EY,, local stability is investigated by analyzing the sub-model reproduction
number Ry calculated by the approach stated in.*? Using the same approach stated in*? we derived the HBV
sub-model reproduction number by the expression given by

_Aa- k3)(az + p) + Brooks  B1p160(1 — k3) (a2 + ) + Pro16azks
(2 + )0+ p+do) O+ pn+d)(y +pn+ds)

Rum

Theorem 3 The HBV disease-free equilibrium point of the sub-model (7) is locally asymptotically stable if Rum < 1,
otherwise unstable.

Proof To prove the locally asymptotic stability of the HBV disease-free equilibrium point, we can apply the
criteria derived by Routh-Hurwitz.>

The associated Jacobian matrix of the sub-model (7) at the given equilibrium point EY,, is illustrated by
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— _ B _ B
wo* S0+ HJ SO+HY 0
0 —(o2+ ) 0 0 0
J(EY,,) = Bis® B1o1S° ,
(Een) 0 somy — O+ n+d) ) 0
0 0 9 —(y+ds+u) 0
0 0 0 1% —U

To derive the associated characteristic polynomial, let us compute the equation represented by

B1S° _BimS°

-4 o2 TS+ HY SO+HY 0
0 —(az+mpm)—2 0 0 0
pis ) Bipm S =0.
0 0 SO-I»—Hg O+ u+d)— 4 S°1+1H‘,? 0
0 0 0 —(y+ds+u)—42 0
0 0 0 y —u =2
) ) p1S°
S (pn—D(—(+w) =D =D|| g0~ O +rt+d)—2)(=(y+ds+p) -2
SO + HY
BoS® ]
SO+ Hp ’

Simplifying the last expression we have (—u — A)(— (a2 + @) — D)(—p — A) (/12 +al+ b) = 0, where

B1S°
= d 0 d)) — —,
a=(y+di+pn)+O+un+d) SO+ HY
and

_ B1p10(1 — ks)(aa + ) + Prp100ks
O +p+d2)(y +pn+ds)

b=(9+u+dz)()/+d3+lt)<1 >=(9+M+d2)(y+d3+ﬂ)(1—RHM)-

The final result givesus 4} = —u < O0or A = —(a2 + i) <O0ordz =—p < Oor
P +ai+b=0. (8)

Using the criteria derived by Routh-Hurwitz*® the quadratic equation given in (8) has two negative eigenvalues
whenever Ry < 1, and hence each eigenvalue of the result has negative real part implies that EY,, is locally
asymptotically stable whenever Ry < 1. The Theorem 3 proof result indicates that HBV infection spreading
can be minimized in the community whenever Ry < 1, and whenever the initial data for HBV sub-model (7)
is near to the equilibrium point EY, .

HBYV infection endemic equilibrium(s)

Let E* = (S*, H}, H}, HE, Hik“) be the HBV sub-model endemic equilibrium point. Then we make the equations

in the right hand side of the dynamical system (7) becomes zero and computed to get the results expressed by

arks A + ki Al - k3 A
hl()»;fl-FlL) S h] ’

H: = d2k3A®iI§ + kl A@hﬂl}}
¢ h1h2h3 (A?-I + ,bL)

* Olzk3Aﬂ?.1 + k1 Ahl)»}ﬁl
Hj = - s
hlhz (AH + ,bL)
klAHyhl/l}} + a2k3A9y/l}k{

Mh1h2h3 (ﬂ.’;.] + M)

§* =
©)

>

and H} =

where hy = (a2 + ), by = O+ +dp), and hs = (y +ds + ).
We make substitution of the expressions H} and H¢ stated in Eq. (9) at the HBV infection rate given by

pE: BiHi+B1p1 HE

x
H = ST+ The we have computed and simplified itas Af; = % and gives the result

(h5 + hé/L}k_I - h4))u;} =0. (10)

The non-zero solutions of Eq. (10) is Aif = h“%ﬁ’“ where hy = BikiAhihshsu +
Braoks Ahshsp  + Brprki AOhihsp + Brp1oks AOhs i, hs = ki Ahihyhsp + azks Ahahspu + ks Ahyhs
he = ks Ahyhspu+ky Ahihsp + agks Ahsu + ki AOhy 0 + a2 ks AO e + ki AOy hy + ak3 AOy.

Therefore, we derived the final result illustrated by
_ ki Amymamsp + ks Amaymsp(as + )] (Rum — 1)

ksAmamsp + ki Amimsp + asks Amzp + ki AOmijn + oaaks AOp + ki Ay my + arks Ay

pis

From this last expression, we have /j; > 0whenever Ry > 1and hence the HBV sub-model (7) has a unique
positive HBV infection endemic equilibrium point whenever Ryy > 1.
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Theorem 4: The HBV dynamical system (7) has a unique positive HBV endemic equilibrium point whenever
Rum > L

Qualitative investigation of COVID-19 system dynamics
The associated COVID-19 sub-dynamical system of the complete co-epidemic model (3) is determined by mak-
ing Hp =Hj = Hc = Iac = Icc=Ht = 0, and it is represented by

§S=kiA+a1Cp+ pCy +nCr — (Ac + WS,

Cp = koA — (a1 + 1)Cp,

Cv =ksA — (o + p + &c)Cv, (11)
Cr = 2¢S+ eicCv — (w+di + x)Cp,

Cr = «kCr — (1 + n)Cx,

At the initial population S(0) > 0,Cp(0) > 0, Cy(0) > 0,C;(0) > 0,Cr(0) > 0, total population represented
by Na(t) = S(t) + Cp(t)+Cv (t) + Cr(t) + Cr(t), and COVID-19 force of infection given by Ac = B,Cr ().

Local stability of COVID-19 disease-free equilibrium point
By putting C; = Cr = 0 for the system dynamics (11) we computed for the COVID-19 disease-free equilibrium
point and simplifying the result we derived the results given by S° = GRS +f&’fﬂ§ﬁ;i%o+kmp o),

CY = aklz fu, and CY = %. Thus, the COVID-19 disease-free equilibrium for the system (11) is represented by.

By = (SO 3, Y, 0 C?z) _ <k1A(061 +w)(p+un) +atkyA(p + ) + ksAplan + 1) kA kyA )

, , ,0,0
ulon + w)(p + p) ar+p p+p

Using the same approach used by references®*> we computed and simplified to obtain the COVID-19 repro-
duction number represented by

Rea = B28 + e CY _ BekiAlan + (o + 1) + ranka Alp + 1) + BokaAp(en + 1) + oekaAplan + )

wd +« o +p)(p + w)(p +di +«)

Theorem 5: The COVID-19 disease-free equilibrium point E,, becomes locally asymptotically stable whenever
Rcm < 1, otherwise it is unstable.

3 0 _ (kA+w) (et taik Alptw)tkadpleatp) kA kA ~ . :
Proof: LetEy, = PICTETRITET) s acti piue 00 |bethe sub-model (11) disease-free

equilibrium point. To prove its local stability let us apply Routh-Hurwitz stability conditions explained in.®>
The Jacobian matrix of the system (11) is derived as:

—[ o) P —B2S°

il
0 —(ar+mw) 0 0 0
J(Eeu) = | © 0 —(o+ ) —BreCy, 0
0 0 0 B2S® + B26CY — ( +di + k) 0
0 0 0 K —(u+n)

The equation derived from the matrix ] (E,,)is the characteristics equation of the system (11) written as

U= ai p —B2S8° n
0 —(a+wp)—27 0 0 0
0 0 —(p 4 ) — 1 —peCy 0 =0,
0 0 0 M- 0
0 0 0 K —(u+n) -7

where M = 5,8° + ,328C§), — (u+dy +«), and we calculated the eigenvalues given by 4j = —p < 0 or

h=—(1+un) <0 or 3=—(o+u)<0 or 4 =,32$°+,32£C?,—(,u+d1—|—l<) =(W+d +«)
0 0

{% — 1} =u+d +x)[Rcyu — 1] < Owhenever Repyr < lords = —(u +n) < 0.
Thus, each of the system (11) eigenvalue has negative part whenever Ry < 1and hence the results indicate

that the COVID-19 disease-free equilibrium point E2,, is locally asymptotically stable whenever Rcy < 1.

Endemic equilibrium point(s) of the dynamical system (11)

Let Ef = (S*, Cs, CY, Cf,s C;;) becomes the COVID-19 endemic equilibrium point of the dynamical system (11)
with the infection rate at the endemic equilibrium point given by 4§ = B,Cj and putting its right-hand sides
equal to zero gives the final result given by
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o bslbat 625)" + bs(by + 625) + by (by + 2% + be i
bibsby (by + 48)” (76 + 1) — binic (b + £28) 7 7%

_ ko

Cp b

, CT/=( ks A

by +67%)

bs(by + £25) 725 + be (by + £75) 22 + (baby i + byei2)
bia(by + 625) (36 + 1) — bis (ba + £45) 7%

bs /2 + (babo + boe il ) (A + pig) — brode — bu i
bia(by + 625) (3 + 1) — bz (ba +48) 2%

*_
v =

>

and

kDZ

by’

where b1=O{1+,LL, b2=,0+,LL, b3=M+d1+K, b4=M+7], bs=k1Ab1b3b4,b6=(X1k2Ab3b4,

b7 = pk4Ab1b3b4, bg = k4Ab1Y]K8,b9 = b1b3b4k4A8, b10 = b2b1nKk4A8, b11 = b1k4AEY]K8, b12 = b1b3b3b4,
b13 = b]b37]l(.

=

. . bs (by+e15) 2 2k +be (ba+e25) 2 ik+ (byby it bye 22
Then we substituted the result given by Cf = s(batert) A‘: 62( ffg o) it (b ?*C;rf/‘ )4
blz(b2+5/»c) (/LC+/I.)7513(b2+8/LC) )*C

bg A2+ (babo+boe ) (A2 +1lE) —bio A b1 A
120} (b2+£).’é)2 (/L2~+M) —by3 (b2+8/1?:)2).2

,into A%, = B»Cy, and determined the polynomial
BIE +HIE+AIE+fo=0, (12)
where
f5 = biae? — bize? > 0,fo = 2babae + biape? — 2bybize — bse? — bee? — boe + by (13)

f1 = b%b]z + byg + 2bybraep — b%b]g, — 2bybse — 2bybgs — bye — bg — byby — byue,
fo = b1babsbs[1 — Rep] > 0 Whenever Reyr < L

From Eq. (13) one can prove that f3 > Oand fo > 0at Rcy < 1and the number of positive real solutions of
(12) are based on the signs of the coefficients given by f;, and f,. Using the Descartes’ criteria one can justify the
number of positive solutions for the polynomial f (y)= f3y° + f2y> + fiy + fo (at y = A%). Based on the Descartes’
criteria we can state the following theorem.

Theorem 6: The COVID-19 sub-dynamical system illustrated by (11) will have

(a) A unique positive COVID-19 endemic equilibrium point whenever Rcar > 1and either of the following
conditions satisfies

(i) fi>0andf, > 0.
(i) fi <Oand f, <O.

(b) More than one positive COVID-19 endemic equilibrium point whenever Ry > 1and either of the fol-
lowing condition satisfies.
(i) fi>0andf, <O.
(i) fi <O0and f > 0.

(c) Two positive COVID-19 endemic equilibrium points whenever Rcy < 1, fi < 0and f < 0.

Using the criteria applied by references,>'>?**"41>* jtem (c) of Theorem 6 indicates bifurcation of the dynami-

cal system (11) in the backward direction wheneverRcy < 1. The basic requirement having the sub-model (11)
effective reproduction number R¢y < 1, although is necessary, is not sufficiently enough to the complete control
of the COVID-19 infection spreading in the community.

Theorem 7: The COVID-19 sub-model (11) reveals that the backward bifurcation at Rcy = 1 whenever Hy > H;

_ —B2B*x] (0+10) (utm) — B2 B*exJp(pu+m) —Br6B* ex3 i (+1) _ Baen(p+)
such that Hy = (o) (tm sand Hy = 500 Gy
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Proof: In this section, we apply the center manifold theory described in* to ascertain the local stability of
the endemic equilibrium due to the convolution of the first approach (eigenvalues of the Jacobian matrix).
To make use of the center manifold theory, the following change of variables is made by symbolizing § = x;
,Cp = x2,Cy = x3, C1 = x4, and Cr = x5 such that N, = x1 + x2 + x3 + x4 + x5. Furthermore, by using vec-
tor notation X = (x1, %2, X3, X4, x5) | , the COVID-19 mono-infection model (11) can be written in the form

%( = F(X)with F = (ﬁ,ﬁ,fs,f4,]%)T, as follows

dx
7; =fi = kiA +a1x; + px3 + x5 — ux; — Acxi,
dx
72 =fHh =kA — (o + ux,
t
dx
d—j =fi=kiA = (p+ p + elo)xs, (14)
dxy \
o = fen +elcxs — (0 +di + K)xa,
de ( + )
— = kX4 — X5,
at 4 H T 1n)Xxs

where A¢c = B2xs. Then the method entails evaluating the Jacobian matrix of the system (14) at the DFE pointEg Mo
denoted by J(E2,,) and it is computed as

-w o o —Bax) 1
0 —(a1+mw 0 0
J(Eqy) = | © 0 —(p+w —paexs 0
0 0 0 Bax) + Baex?) — (u +dy +x) 0
0 0 0 K —(u+n)

Consider, Rcyw = 1 and suppose B, = B* is chosen as a bifurcation parameter. From Rcy =1 as

Ry = BRI prki Aen i) (o) +Paci ka Alptit) +oka Al +10) (phpte) _
CM = “utdi+c T #(a1+u)(p+u>(u+d}+'2 o+ ; :
i — B* — mlen+p) (p+p) (utdi+x
Solving for f we have got 2 = B* = x50 by tarka Aot ) Hes Ao T (P E)
—i o) o _ﬁ*x(l) n
0 —(ar+p 0 0
Jpr=1| 0 0 —(p+ 1) —p*exy 0
0 0 0 B*xY + Brexd — (n+di +x) 0
0 0 0 K —(u+n)
After some steps of the calculation we have computed the eigenvalues of Jg+ as ij = —u, or 1y = —(a1 + ),

ororlz = —(p + p),or 44 = 0,0r 5 = — (i + n). It follows that the Jacobian matrix ](EgM) of Eq. (14) at the
disease-free equilibrium point with 8, = B*, denoted by Jg-, has a single zero eigenvalue with all the remaining
eigenvalues have negative real part. Hence, Theorem 2 of Castillo-Chavez and Song® can be used to analyze the
dynamics of the model to reveals that the model (11) undergoes backward bifurcation at Rcy = L.
Eigenvectors of Jg+: For the case Rcyr = 1, it can be shown that the Jacobian of the system (14) at 8, = B*
(denoted by Jg+) has a right eigenvectors associated with the zero eigenvalue given by u = (u1, uz, u3, ug, us)” as

-n o P —B*x] 1 U 0

0 — (14w 0 0 Uy 0

0 0 —(p+ W —ﬁ*exg 0 us | =10 (15)
0 0 0 B*xd + Brexd — (n +di + k) 0 Uy 0

0 0 0 K —(n+n us 0

Then solving Eq. (15) the right eigenvectors associated with the zero eigenvalue are given by

_ —BRua(p + () — Brexgp(u + mus +kn(p + pus

u
uio+pm)(n+n)

B*exd
Uy, Ug = ug >0, us =

u =0, uz=— u
(p+ ) u+n

4.

Similarly, the left eigenvector associated with the zero eigenvalues at 8, = B* given by v = (v1, v2, v3, v4, vs)T
as
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vi\ " —i o o —B*x] n 8
V2 0 — (o +mw) 0 0 0
vs | x| 0 0 —(p+p) —Brexd 0 =10 (16)
V4 0 0 0 D 0 0
s 0 0 0 e ()] 0

where D = *x0 + B*exd — (u + di + «).

Then solving Eq. (16) the left eigenvectors associated with the zero eigenvalue are given by
v1 =v2 =v3 =v4 = 0and v4 = v4 > 0. After long steps of calculations the bifurcation coefficients a and b are
obtained as

5
2 2 2
a= Z V4”i”ja f4/8xi8xj = 2vyuyuy? f4/3x1 axs t 2"4”3”48 f4/3x38x4
ijk=1

2 2
= 2v4uy4 [ula ﬂ/BX18X4 + u38 f4/8x38x4] 4
= 2vquy[Bau1 + Breus]

— v { BaB*x)(p + 1) (u + 1) — BaBrexdp(u + 1) + Barcn(p + 1) — BaeB*exI (i + n)
4 wp + m) (e +n) ’
= 2vquy[Dy — D1],
_ —BaB XY (o) (utn)— B2 B*exd p(u+n) —B2eB* exd u(pu+1) Bakn(p+1)
where H = w(o+m)(u+m »and Hy = o0 term:
Thus, the bifurcation coefficient a is positive whenever D, > D.
Moreover

5 5
b= Z Vk“iasz/axiaﬁ(EOCM) = Zmuiazﬁl/axiaﬁ = V4u432f4/3x43,3 = vauy [x)uy + exius] > 0.
ik=1 i=1

Hence, from Castillo-Chavez and Song® the COVID-19 mono-infection model (11) exhibits a backward
bifurcation at Ry = land Hy > H.

Qualitative investigation of the HBV and COVID-19 co-epidemic model

Disease-free equilibrium of the co-epidemic system

From the complete co-epidemic system (3) we compute the co-epidemic disease-free equilibrium by assuming
the conditions C; = Cr = Hy = Hc = Hr = Iac = Icc = 0and after simplification we obtained the final result

: _ 0 kiA | aikoA arksA pkaA kA ksA
given by Ep = (S CP’I_IP’CV’CI’HA’HC’IAC’ICC’ CR’HT) ( M + ar+u + ar+p + P+’ oy +p o+’

kg A
k2,0,0,0,0,0,0,0).

The full co-epidemic model (3) effective reproduction number
Using a similar approach applied in “Local stability of HBV disease-free equilibrium” and “Local stability of
COVID-19 disease-free equilibrium point” we computed the complete co-epidemic model (3) reproduction num-

; _ _ ﬁzklA(01+M)(P+M)+ﬁ2°¢1sz(P+M)+ﬁ2k4Ap(d1+/4)+/325k4AM(061+M)
berillustrated by R yc = max{Rcm, Rum} = max{ @ o D) Gt )
Bi1(1—ks)(cp+p)+P1azks + 51ﬂle(lfks)(OterM)Jrﬁl)019012k3}

(02 ) (0+p+dz) O+u+dz) (v +11+ds) >
ﬂzklA("”+“)(p+”Hﬂ;‘a’faﬁﬁ:ﬁﬁf;fﬁiﬁ+”)+ﬂ28km“(“l+”) is the COVID-19 infection reproduction number

— Bi1=ks)(ea+m)+piarks B1p16(1—ks3) (az+1)+p1p1002ks
and Ry (a2 +11) (O+p+d2) + (O+p+d2) (v ++d3)

BDV+epoDY
pntdi+x T

where Rem =

is the HBV only infection reproduction number.

Local stability of the full model (3) disease-free equilibrium
Using similar approach applied in,® the Jacobian matrix of the complete HVB and COVID-19 co-epidemic is
computed and written as

-u o @ p B8 B0 _Bigop D, —D6 n 0
0 —(a1+mw 0 0 0 By BpYp —Biclp, ——cpm 0 0
0 0 —(az + 1) 0 —PB2HY 0 0 762HP0L)1 —B2HY 0, 0 0
0 0 0 —(p+p —epCY —ECY —B5chp -Ds  -D; 0o 0
0 0 0 0 D3 0 0 0)1D3 (1)2D3 0 0
JEo)=| o 0 0 0 0 Ds  pmDs pDs+6;  psDs 0 o |
0 0 0 0 0 ® Do 0 0, 0 0
0 0 0 0 0 0 0 Dio 0 0 0
0 0 0 0 0 0 0 § D1 0 0
0 0 0 0 K 0 0 0 0 —(n+n) 0
0 0 0 0 0 0 y 0 0 0 —
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where D3 =8,(S° + H} +¢C),) — (u+di +«), Dy= (%Pz + Bzun)so, Ds = (%Pz + 852001)C3,

D6:(%p3+‘320}2>50 and D7:(%p3+8320}2)C%,D8:%(SO+C2+C(\)/)_(9+M+d2) >
Dy = —(y +d3s +n),Dio=—(u +dg+8+61),D11 = —(u +ds + 62).

The corresponding eigenvalues of the matrix J(Ey) are computedas 4y = —p < 0,0r Ay = — (a1 + ) <0,
or M3=—(ap+u)<0, or Agq=—(o+u)<0, or Ils=—u<0, or Ag=—(u+n) <0, or

iy:wm%(RCM—l)<0 or Ag=—(u+ds+38+61) <0, or lg=—(u+ds+0;) <0, or

P+ [y +ds+u)+ O+ p+dy) — D]l — [(Ds — B+ p 4 d2))(y + ds + p) + p1Ds] = 0.

Using the Routh-Hurwitz local stability conditions we can justify each of the given matrix eigenvalue has
negative real part if Ryc = max {Rcwm, Rum) < 1implies the result that co-epidemic disease-free equilibrium
point has local asymptotic stability whenever Ryc = max {Rcm, Ram) < 1

The optimal control problem and its qualitative analysis

This section aims to investigate the impacts of the time dependent optimal control measures on the HBV and
COVID-19 co-epidemic spreading by applying Pontryagin’s Maximum Principle applied in references.!***3¢
Incorporating the four time dependent control strategies stated as: 0 < w; (t) < 1becomes the HBV spreading
protection measure, 0 < wy(t) < 1becomes the COVID-19 spreading protection measure,0 < w3(t) < 1becomes
the COVID-19 treatment measure, and 0 < w4 (t) < 1 becomes the HBV treatment measure we re-formulate
the full model (3) as

S=kA+a;Cp+arHp + pCy +nCr — (1 — w) S — (1 — w2)AcS — S,

Cp =k A — (1 —=w)ACp — (@1 + )Cp,

Hp = ksA — (1 = w2)ZcHp — (@2 + () Hp,

Cv = kaA — (1 =w)2uCy — (1 = wa)eAcCy — (p + 1)Cv,

Cr =0 —w)icS+ (1 —w)AcHp + (1 — wa)eicCy — (1 — w)vAgCr — (u + dy + uzk)Cy,
Hy=(1—w)igS+ (1 —w)iuCp + (1 — w)AuCy + wsbilac — (1 — wo)pricHa — (0 + pu + da)Ha,
He = 6Ha + wibalcc — (1 — wa)paicHe — (way +ds + wH,

Inc = (1 — w1 icHa + (1 — w)UAgCr — (i + ds + 8 + w301 Iuc,

Icc = 8lac + (1 — wo)d2AcHe — (u + ds + w3b)Icc,

Cr = w3k Cr — (u + 1)Cp,

Hr = wyyHc — pHr,
(17)
With initial population S(0) > 0,Cp(0) > 0, Hp(0) > 0, Cy(0) > 0,C;(0) > 0, H4(0) > 0,

Hc(0) > 0,I4¢(0) > 0,Icc(0) > 0, Cr(0) > 0, and Hr(0) > 0. (18)

The main objective of this optimal control problem is to determine the optimal control-
ling strategy w* = (wi‘, w3, W5, WZ) values for the control variables w = (w1, wa, w3, wy) such that
(S*, Cp, Hp, Cy, Cf Hy HE T I C;,H;‘-) are solutions of the problem (17) in the time boundary [0, Tf} at
the initial population stated by (18) and the objective function represented by

T,
J(W1, W2, W3, Wy) = {f (01(3[ + 0,He + 03lac + o4lcc + %w{ + %wg + %wg + %wﬁ) dt,

(19)
can be minimized with the associated coefficients given by o1, 02, 03, and o4 and %, %, %, and % are relative
costs measure corresponding to wy, wa, w3 and wy, in the stated order, and also it balances the given integrand.
The term o7 Cy represents the cost associated with COVID-19 infectious group, the term o, Hc represents the
cost associated to chronic HBV infectious group, o314¢ represents the cost corresponding to the acute HBV and
COVID-19 co-epidemic group and o4lcc represents the cost corresponding to chronic HBV and COVID-19
co-epidemic group.

1(S, Cp, Hp, Cv, Cr, Ha, He, Lacs Icc, Cr, Hrs ) = 01, Cp + 0aHe + 03lac + oalce + Bw? + B2w}

—I—%w% + %wﬁ, investigates the cost at given time t. The collection of admissible Lebesgue measurable con-
trol functional is described as

w = {wi(0), wa (), w3 (1), wa(D)) € L* 1 0 < wi(6), wa(t), ws(0), wa()) < Lt € [0, 7]} (20)
Specifically, we need an optimal control minimum strategy written as

J (W, W, w3, Wy) = Hslzm](wl’ W2, W3, Wy). (21)
u
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Theorems on the existence and uniqueness for optimal control problem

Theorem 9 (Existence of optimal control functions) For the dynamical system (17) there exists an opti-
mal control function w* = (w}, wj, w3, w}) in the region , and the associated solution represented by
(S*,Cy, Hp, Cy, CF H, HE, I o0 I, Ciiy H ) to the system dynamics (17) at the initial population stated in (18)
25 (W, W5, W) = min o, w2 w5, o).

Remark: For the qualitativeuanalysis of the dynamical system stated in (17) we applied the Pontryagin’s Maximal
principle used by scholars of the references.!***3

The Hamiltonian function for the system dynamics illustrated in (17) and (19) is defined and represented by

By, ,  B;

B B
H=01C1+62Hc+03IAc+G4Icc+71W%+7W2+7 L w?

11
w3 + o Wi + ; A, (22)

where ; stands Eq. (19) right hand side ith state variable and
A1(1), Ax(1), Az(1), Ag(t), As(1), As(t), A7(1), Ag(t), Ag(t), A1p(t) and Ay (¢) are the adjoint state variables.
Similarly using the same method stated in,"***¢ we obtain the co-state variables with the existence condition
explained by theorem below:

Theorem 10 Let w= (w’f, w3, W5, wf;) represent the optimal control function and
(8*,Cp, Hp, C3, Cf, Hi, HE T o, IE o, Cf, HY) represent the corresponding unique maximal solutions of the
dynamical system (17) at the initial population illustrated in (18) and the objective function stated in (19) at the
fixed boundary time Ty given in (20). Then we need the adjoint functions represented by AY(-),i = 1,..., 11 that
corresponds to the equations written by

dAq N x
T (1 = w) g (A — Ag) + (1 — wp) e (A — As) + nAy,
dA, .
o= (1 = wp)Ag (A — Ag) +a1(Ay — Ap) + nAg,
dAs (23)
el (1 = w2)AE(As — As) + az(Az — Ap) + pAs,
dAy N N
T (1= w) A (Ay — Ag) + (1 — A2)elc(Ay — As) + p(Ag — Ap) + 1Ay,
dAs * * *
e + (1 = w2)B2AT (A1 — As) + (1 — w2)B2Hp (A3 — As) + (1 — w2)eB2Cy(Ag — As)
+ (1 —w2)p1B2Hx (As — Ag) + (1 — w2)aP2HE(A7 — Ag) + (1 — w)uip(As — Ag)
+ (1 +d)As + uzk (As — Ayp)
dA
Tté =1 _WI)%S*(AI —Ag)+(1— Wl)%C;(AZ —Ag)+ (1 _Wl)%c\*](A4 — Ag)
+ 01— Wl)U%CI*(As — Ag) + (1 —wW2)P1A5:(As — Ag) + (1 + d2) Ag + 0(Ag — A7),
dA P o P
R wnﬁl‘V‘S*(Al — Ag) + (1 - wl)%c;(m — Ag) + (1 - wl)%cwm — Ag)
+@1 - W1)U%CT(A5 — Ag) + (1 — W) AG(A7 — Ag) + (ds + W) A7 + usy (A7 — A,
dA
=t - wo%sml — A6) + (1 — w)Brwn S (Ar — As) + (1 — m)%q’;mz ~ A¢)
+ (1 —wo)BrwiHp (A3 — As) + (1 — Wl)%cfz(A4 — Ag) + (1 — wa)eBrw1 Gy (Ag — As)
+1- Wl)U%CI*(As — Ag) + w301 (Ag — Ag) + (1 — w2)1Brwi Hi (Ag — Ag)

+ (1 = w2)d2Pow 1 HE(A7 — Ag) + (1 + dy) Ag + 8(Ag — Ag)
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dA
o= wl)%mm — A6) + (1 = W)Prw2S* (Ag — As) + (1 — wl)%c;mz — A¢)

+ (1 — w2)BawzHp (Az — As) + (1 — Wl)%cx*/(A4 — Ag) + (1 — w2)eBrw2 Gy (Ay — As)

+ 1 - Wl)U%Cik(AS — Ag)+ (1 — Ap)p1BrwaH (As — Ag) + w3b2(Ag — A7)

+ (1 — w2)daPawr HE(A7 — Ag) + (1 + ds) Ag

dAyo
Fra —nA; + (1 + m Ao,
t

dAy

7 A1, at the transiversality criteria illustrated by
Af(Tf) =0,i=1,2,...,11 (24)

Furthermore, the associated optimal functions wj (t), wj (t), wj (t), and wj (¢) are illustrated by

A58 (Ag — A A5CH(Ag — A A5CEH(Ag — A JECH(Ag — A
wi‘(t):max{o, mm{ i1S*(Ag 1)+ 25 Cp(Ag 2) + A5 Cy (As 4) + i Ci(Ag 5),1}}’

B,
W () = max {O,min { FEST(Ds — Av) + ZEH(As — As) + 7ECY (As — Ag) + pr7EH] (Bs — Ag) + a2t H(Ao — A7) 1}}
B,
O1I5c(Ag — Ag) + O2lEc(Ag — A Ci(As — A
W;(t)=max{0,min{ 1lac(As 6) + 266(%9 7) +kCi (As 10)’1}})
3

wy () = max {0, min{ %TA“), 1}}

Numerical simulations

In this section, we perform detailed numerical simulations of the model (3) and the control problem (17) to
better understand the system dynamics and identify the most effective optimal control measures that affect
the HBV and COVID-19 co-epidemic transmission in the community. Numerical simulations provide visual
representations, offering an intuitive understanding of how various parameters impact outbreak dynamics and
serving as practical tools for scenario assessment. The utilization of the ODE45 solver in MATLAB 2023a for
numerical simulations suggests a robust approach to capturing the dynamics of the infectious disease model.
ODE45, belonging to the Runge-Kutta family of methods, is recognized for its stability, particularly in handling
stiff ordinary differential equations (ODEs). In this section of the study, by collecting parameter values from dif-
ferent published sources we present the numerical simulation results using ODE45 MATLAB programming code
and fourth order Runge-Kutta numerical methods. We applied this method since the results of the Runge-Kutta
fourth order numerical method give extremely accurate and good outcome. In addition, Runge-Kutta fourth

order numerical method requires four evaluations per step and its global truncation error is O (h*).

Numerical simulation of the co-epidemic model (3)
In this part, we use ode45 with fourth order Runge-Kutta numerical approach and applying values of the param-
eters illustrated in Table 3 we performed simulations to verify the qualitative results and to investigate the impacts
of different controlling strategies to tackle the HBV and COVID-19 co-epidemic spreading in the population.
Numerical simulation result illustrated by Fig. 2 investigates the behaviours of the complete co-epidemic
dynamical system (3) whenever Ryc = max{Rum, Rcm} = max {1.24,2.68} = 3.23 > 1. The result reveals
each of the complete co-epidemic model solution is converging to the complete co-epidemic model endemic
equilibrium point. Epidemiologically, one can conclude that the COVID-19 and HBV co-epidemic outbreaks
in the population is consistently present but limited to a particular region.

Simulations of the optimal control problem (17)

In this sub-section, we investigate the effect of intervention strategies on the transmission of HBV and COVID-
19 co-epidemic in a population of the study area. The optimal control problem stated in (17)-(21) is solved
numerically using ODE45 with the forth order forward and backward Range-Kutta scheme. To verify the quali-
tative analysis and to investigate the most effective controlling strategy to minimize the number of HBV and
COVID-19 co-epidemic people in a population we implemented the numerical simulation of the co-epidemic
model using some initial population values and parameter values illustrated in Table 3 and the constants values
of o1 = 02 = 03 = 04 = 19. We implement the numerical simulations in the maximum time level to be five
years by considering the following possible illustrated optimal control strategies:

1. Apply single strategy at a time

(A) Apply HBV protection strategy (w; # 0),
(B) Apply COVID-19 protection strategy ( wy # 0),
(C) Apply HBV treatment strategy ( wy # 0),
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Paramet Baseline value of par References
500 individuals/day >
(1/76.31)/ day 2
o) 0.0015/day Estimated from >
o 0.0004/day Estimated from >
dy 0.0214/day 26
dy 0.02/day 2
0 0.333/day 2%
01,02 (1/3)/day *
v 0.3 dimensionless 2
@1 1 dimensionless 2%
I 1 dimensionless 2
y 0.5/day B
dy 0.02/day 2
ds 0.0214/day %
ds 0.05/day 2
n 0.002/day Assumed
8 0.053/day Assumed
e 0.002 no unit Estimated from *!
B 5.0 x 10-%/day 2
B2 6.29 x 10-%/day 2
ki 0.40 no unit Assumed
ko 0.20 no unit Assumed
ks 0.20 no unit Assumed
ky 0.20 no unit Assumed
P 0.30 no unit Assumed
K 0.333/day 2

Table 3. Values of parameters used for numerical analysis
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Figure 2. Behaviors of the dynamical system (3) solutions at Ruc = 2.68 > 1.

(D) Apply COVID-19 treatment strategy ( w3 % 0).

2. Apply double strategies simultaneously

(E) Apply protection strategies (w; # 0and wy # 0),
Apply treatment strategies (w3 #% 0, and wy),

(F)
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Figure 3. Impact single strategies on the total number of HBV and COVID-19 co-epidemic population.

(G) Apply HBV protection and treatment strategies (w; # 0,and wy # 0),
(H) Apply COVID-19 protection and treatment strategies (w2 # 0 and w3),
(I) Apply HBV protection and COVID-19 treatment strategies (w; # 0 and w3),
(J) Apply COVID-19 protection and HBV treatment strategies (wy 7 0 and wy).

3. Triple strategies simultaneously

(K) Apply HBV and COVID-19 protections and HBV treatment (w; # 0, ws # 0, wy # 0).
(L) Apply HBV and COVID-19 protections and COVID-19 treatment (w; # 0, w2 # 0, w3 # 0).
(M) Apply HBV protection and COVID-19 and HBV treatments (w; # 0, w3 # 0, ws # 0).
(N) Apply COVID-19 protection and COVID-19 and HBV treatments (w, # 0, w3 # 0, w4 7~ 0).

4. All the possible mentioned strategies simultaneously

(&)

Apply all the four strategies simultaneously (w; # 0, w, # 0, w3 # 0,and wy # 0).

Impacts of single strategies on the total co-epidemic population
In this sub-section simulation is done when there is no control strategy in place and considering the following
controlling strategies: Strategy A: apply HBV protection, and we present the simulation of optimal control system
(17) with (w1) as a protection against HIV infection by Fig. 3A. Strategy B: apply COVID-19 protection strategy,
and we present the simulation of optimal control system (17) with protection mechanism (w,) as a protection
against COVID-19 infection by Fig. 3B. Strategy C: apply HBV treatment strategy, and we present the simula-
tion of optimal control system (17) with HBV treatment mechanism (wy) as a treatment against HBV infection
by Fig. 3C. Strategy D: apply COVID-19 treatment strategy, and we present the simulation of optimal control
system (17) with COVID-19 treatment mechanism (ws3) as a treatment against COVID-19 infection by Fig. 3D.
From Fig. 3 given presented above we observe that the protective strategies investigated in Fig. 3A and B are
more effective strategies as compared to the treatment strategies investigated in Fig. 3C and D. But we recommend
that strategy B is the most effective strategy to tackle the co-infection problem in the community.
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Impact of Protections on HBV and COVID-19 co-epidemic
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Figure 4. Impacts of double strategies on the number of HBV and COVID-19 co-epidemic population.

Impacts of double strategies on the total co-epidemic population

In this sub-section simulation is done when there is no control strategy in place and considering the follow-
ing controlling strategies: Strategy E: apply HBV and COVID-19 protection strategies simultaneously, and we
present the simulation of optimal control system (17) with HBV and COVID-19 protection strategies (w; and
wy) simultaneously as a protection against HBV and COVID-19 infections respectively and is illustrated by
Fig. 4E. Strategy F: apply HIV and COVID-19 treatment strategies simultaneously, and we present the simula-
tion of optimal control system (17) with HBV and COVID-19 treatment strategies (w3 and wy4) simultaneously
as treatments against COVID-19 and HBV infections respectively and is illustrated by Fig. 4F. Strategy G: apply
HIV protection and HBV treatment strategies simultaneously, we present the simulation of optimal control
system (17) with HIV protection and HBV treatment strategies (w; and wy4) simultaneously as a control strategy
against HIV and COVID-19 co-infection and is illustrated by Fig. 4G. Strategy H: apply COVID-19 protection
and COVID-19 treatment strategies simultaneously, and we present the simulation of optimal control system
(17) with COVID-19 protection and COVID-19 treatment strategies (w; and wy) simultaneously as a control
strategy against HBV and COVID-19 co-infection and is illustrated by Fig. 4H. Strategy I: apply HBV protection
and COVID-19 treatment strategies simultaneously, and we present the simulation of optimal control system
(17) with HBV protection and COVID-19 treatment strategies (w; and w3) simultaneously as a control strategy
against HIV and pneumonia co-infection and is illustrated by Fig. 41. Strategy J: apply COVID-19 protection
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Figure 5. Impacts of triple strategies on the number of HBV and COVID-19 co-epidemic population.
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Figure 6. Simulation of total population (Inc + I¢c) with all controlling strategies.

and HBV treatment strategies simultaneously, and we present the simulation of optimal control system (17) with
COVID-19 protection and HBV treatment strategies (w and wy4) simultaneously as a control strategy against
HBV and COVID-19 co-epidemic and is illustrated by Fig. 4].

From Fig. 4 presented above we observe that the protective and treatment strategies illustrated in Fig. 4G-]
are more effective strategies as compared to other strategies investigated in Fig. 4E and F. But we recommend
that strategy J is the most effective strategy to tackle the co-infection problem in the community.

Impacts of triple strategies on the total number of the co-epidemic

In this sub-section simulation is done when there is no control strategy in place and considering the following
controlling strategies: Strategy K: apply both HBV and COVID-19 protections and HBV treatment strategies
simultaneously, and we present the simulation of optimal control system (17) with both HBV and COVID-19
protections and HBV treatment strategies (w,w; and wy4) simultaneously as a control strategy against HBV and
COVID-19 co-epidemic and is illustrated by Fig. 5K. Strategy L: use both HBV and COVID-19 protections and
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COVID-19 treatment strategies simultaneously, and we present the simulation of optimal control system (17)
with both HBV and COVID-19 protections and COVID-19 treatment strategies (w1,w and w3) simultaneously as
a control strategy against HBV and COVID-19 co-epidemic and is illustrated by Fig. 5L. Strategy M: apply both
HBV and COVID-19 treatments and HBV protection strategies simultaneously, and we present the simulation of
optimal control system (17) with both HBV and COVID-19 treatments and HBV protection strategies (w;,w3 and
wy) simultaneously as a control strategy against HBV and COVID-19 co-epidemic and is investigated in Fig. 5M.
Strategy N: apply both HBV and COVID-19 treatments and COVID-19 protection strategies simultaneously,
and we present the simulation of optimal control system (17) with both HBV and COVID-19 treatments and
COVID-19 protection strategies (w2,w3 and wy4) simultaneously as a control strategy against HBV and COVID-19
co-infection and is investigated in Fig. 5N.

From Fig. 5 illustrated above we observe that the protections and treatment strategies investigated in Fig. 5K
and L are more effective strategies as compared to the strategies investigated in Fig. 5M and N. But we recom-
mend that the strategy investigated in Fig. 5K is the most effective strategy to tackle the HBV and COVID-19
co-epidemic problem in the community.

Simulation of the co-infection with strategy O

In this sub-section numerical simulation is carried out when there is no control strategy in place and when there
are controls involving protection and treatment strategies for both COVID-19 and HBV single infections. Fig-
ure 6 shows the result that if all the protection and treatment strategies efforts are implemented, the number of
individuals co-epidemic with HBV and COVID-19 decreases drastically to zero after 3. Using the result given in
Fig. 5 we also compared strategy O to each of other strategies and found out that the strategy shows a significant
decline in the number of HBV and COVID-19 co-epidemic individuals and hence strategy O is the most effective
strategies to tackle the co-epidemic spreading in the community.

Conclusion

In this study, we formulated and analyzed the transmission dynamics of HBV and COVID-19 co-epidemic
model to achieve our main objective of the study that aims to investigate the impacts of the four time dependent
proposed optimal control strategies. The study proved the HBV and COVID-19 co-epidemic model solutions
well posedness, stabilities of the equilibrium points and carried out other qualitative and numerical results that
contributes to understand the behaviors of real-world disease dynamics, and enhancing the model’s reliability
and predictive capabilities. Additionally, our qualitative analyses reveal significant insights into the stability of
the co-epidemic model. Notably, the HBV, COVID-19, and the HBV and COVID-19 co-epidemic disease-free
equilibrium points is demonstrated to be locally asymptotically stable whenever the associated effective repro-
duction numbers are less than unity, underscoring conditions conducive to disease control. But, the COVID-19
sub-model and the co-epidemic model disease-free equilibrium points reveal the phenomenon of backward
bifurcation whenever the corresponding effective reproduction number is less than unity.

The study re-formulated the proposed co-epidemic model optimal control problem by considering four
time dependent optimal control strategies and to further enrich our understanding, we conducted comprehen-
sive numerical simulations for the HBV and COVID-19 co-epidemic model, presenting graphical illustrations
accompanied by detailed discussions. Our exploration extends to the nuanced behavior of model solutions,
emphasizing the impact of optimal control strategies on the HBV and COVID-19 co-epidemic spreading in
the community. A noteworthy aspect of this study is the incorporation of the acute and chronic HBV infection
stages, incorporating protection for both infections, and vaccination for COVID-19 infection only and these
makes our model novel as compared with previously formulated models for HBV and COVID-19 co-infections
by other scholars. This novel approach brings a fresh perspective to the investigation of HBV and COVID-19
transmission dynamics in the community. These findings not only contribute to the scientific understanding
of HBV and COVID-19 co-epidemic transmission dynamics but also hold significance for scholars engaged in
studying the infection spreading within community. The insights gained from this research lay the groundwork
for more nuanced and targeted interventions aimed at effectively managing and mitigating HBV and COVID-19
co-epidemic transmission in diverse populations.

The main finding of this study is implementation of vaccination, protections and treatments control measures
simultaneously is the best optimal strategy with respect to both the economic and epidemic aspects as compared
with other optimal control strategies and hence we recommend for the public health stakeholders to give serious
attention regarding maximizing these combined optimal control measures to minimize the HBV and COVID-19
co-epidemic spreading in the community.

Limitation and future work of the proposed study: we haven't fit data due to the absence of suitable data for
model calibration; the focus of the study is on theoretical developments, methodological advancements and
exploring the impact of four time dependent optimal control strategies by applying parameter values adopted
from published sources rather than on direct applicability to real-world data. The complexity of the HBV and
COVID-19 co-epidemic model has been a challenge to find appropriate datasets that capture all relevant vari-
ables. For future work, since this study is not exhaustive other potential scholars in the area can modify the
proposed HBV and COVID-19 co-epidemic model by incorporating additional aspects such as the stochastic
approach, fractional order approach, age structure of individuals, roles of media, roles of the community, HBV
vaccination, and fitting the model with appropriate real data.

Data availability
Data used to support the findings of this study is incorporated in the article.
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