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The reconstruction method was proposed more than a decade ago to boost the signal of baryonic
acoustic oscillations measured in galaxy redshift surveys, which is one of key probes for dark energy.
After moving the observed overdensities in galaxy surveys back to their initial position, the
reconstructed density field is closer to a linear Gaussian field, with higher-order information moved
back into the power spectrum.We find that by jointly analysing power spectrameasured from the pre-
and post-reconstructed galaxy samples, higher-order information beyond the 2-point power
spectrum can be efficiently extracted, which generally yields an information gain upon the analysis
using the pre- or post-reconstructed galaxy sample alone. This opens a window to easily use higher-
order information when constraining cosmological models.

The science driver for massive galaxy spectroscopic surveys is to extract
cosmological information fromthe clusteringof galaxies in thepast lightcone.
Baryon acoustic oscillations (BAO)1, formed in the early Universe due to
interactions betweenphotons andbaryonsunder pressure and gravity, yield a
special clustering pattern of galaxies around a characteristic comoving scale
around150Mpc,which is oneof keyprobes for dark energy2,3. The increasing
size of galaxy redshift surveys over the decade 2000–2010 led ultimately to a
5σdetectionofBAOby theBaryonOscillationSpectroscopic Survey (BOSS)4.
This enabled the BAO tobe used as an accurate standard ruler tomeasure the
geometry of the Universe and constrain the cosmic expansion history. A
compilationof results fromtheSloanDigital SkySurvey (SDSS)galaxy survey
recently demonstrated the power of this technique5.

The BAO feature is generally blurred by the nonlinear evolution of the
Universe reducing its strength as a standard ruler, and various reconstruction
methods have been developed to sharpen the BAO peak by undoing the
nonlinear evolution of the density field. The commonly used Lagrangian

reconstruction, for example, linearises thedensityfield by shifting the galaxies
using the displacement field6–8, while for the Eulerian reconstruction,
manipulation is performed at the field level without moving the galaxies9.

Although designed to boost the BAO signal originally, the recon-
struction method can, in principle, also better extract the general cosmo-
logical information from the clustering. For example, the redshift space
distortions (RSD)10–12, which is caused by peculiarmotions of galaxies under
gravity, can also be better constrained using the reconstructed sample13.

The standard method for BAO-reconstruction alters the over-density
field so that it ismore correlatedwith the initial linear field14, and the level of
mode-coupling can be highly reduced15. It achieves this by inferring the
bulk-flows using the observed galaxy field and then removing these dis-
placements from both the galaxy positions and themap of expected density
setting the baseline from which the over-densities are found. The power
spectrum of the post-reconstructed sample (Ppost) provides additional
information for cosmology compared with the pre-reconstructed sample
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(Ppre) because the reconstruction restores the linear signal reduced by the
non-linear evolution.

The higher order statistics such as B, the bispectrum, induced by the
non-linear evolution are, in turn, reduced. Thus we can extract more cos-
mological information encoded in the linear density field from Ppost than
Ppre. On the other hand, the non-linear field contains information on small-
scale clustering such as galaxy biases, which can provide better constraints
on cosmological parameters by breaking the degeneracy between them. For
the pre-reconstructed sample, this information can be extracted by com-
bining the power spectrumwith higher-order statistics.However, the power
spectrum and higher order statistics such as the bispectrum are correlated,
reducing our ability to estimate cosmological parameters. If we instead
consider the post-reconstructed power spectrum, the covariance between
the power spectrum and the bispectrum is reduced and we can extract the
information more efficiently. In this work, we show that the same
improvement can be achieved by a joint analysis of Ppre, Ppost and Pcross (the
cross-power spectrum between the pre- and post-reconstructed density
fields). Due to the restored linear signal in the reconstructed density field,
Ppost is decorrelated with Ppre on small scales, which are dominated by the
non-linear information. On these scales, the combination of Ppre, Ppost and
Pcross has a similar ability to extract cosmological information as the com-
bination of Ppost or Ppre with the bispectrum because we are able to use the
linear information in Ppost and higher-order information in Ppre separately.

Let us rewrite the non-linear over-density field as δ = R+Δ, whereR is
the over-density field after reconstruction, which is closer to the linear field.
It is then straightforward to express Ppre, Pcross in terms of PRR(=Ppost), PΔΔ
(the power spectrum of Δ) and PΔR (the cross-power spectrum between Δ
and R). Using perturbation theory16, we can show that, at the leading order,
PΔΔ contains the integrated contribution from the bispectrum of squeezed-
limit triangles while PRΔ contains the integrated contribution from the
trispectrum (T) of folded/squeeze-limit quadrilaterals (See Supplementary
Note 1 for an explanation). In this fashion when combining Ppre and Pcross
with Ppost, we are essentially adding in higher-order signal, thus naturally
gaining information. Note that in order tomatch the information obtained
by adding these two extra statistics, it is not enough to consider the bis-
pectrum signal of the pre-reconstructed field, but both bispectrum and
trispectrum signals. For this reason the information content of Ppre þ B is
different from that contained in Ppre þ Pcross þ Ppost. However, it is

important to note that higher-order information that reconstruction brings
is only a part from the total contained in the full bispectrumand trispectrum
data-vectors. This is why a full analysis using P+ B+ Twill always provide
more information.However, such an analysis is not very practical because of
the size of the full data-vector and the computational time typically required
to measure B and especially T directly. In this paper we show that Ppre þ
Pcross þ Ppost is an efficient alternative for extracting the relevant informa-
tion from higher-order statistics for cosmological analyses.

To demonstrate the power of jointly using density fields before and
after the reconstruction, we perform an anisotropic Lagrangian recon-
struction (see Methods for details) on each realisation of the MOLINO galaxy
mocks17, which is a large suite of realistic galaxy mocks produced from the
Quijote simulations18 at z = 0.We then use thesemocks to calculate the data
covariancematrix and derivatives numerically for a Fisher matrix analysis19

using the measured multipoles (up to ℓ = 4) of Ppre, Ppost and Pcross on
the parameter set Θ≡ {Ωm,Ωb, h, ns, σ8,Mν,H} where H denotes the
Halo Occupation Distribution (HOD) parameters, i.e., H � flogMmin;
σ logM ; logM0; α; logM1g20 (see Methods for details).

Results and discussion
Panel a in Fig. 1 shows the measured power spectra monopole (the quad-
rupule and hexadecapole are shown in Supplementary Fig. 1), and we see
thatPcross decreases dramatically with scale compared toPpre andPpost. This
indicates a decorrelation between Ppre and Ppost below quasi-nonlinear
scales (k≳ 0.1 hMpc−1), which is largely due to the difference in infra-red
effects contained in density fluctuations before and after the BAO
reconstruction21.

From the original data vector fPpre; Ppost; Pcrossg, we can construct their
linear combinations, PRΔ, PΔΔ, PδΔ defined as

PRΔ ¼ Pcross � Ppost ; PΔΔ ¼ Ppre þ Ppost � 2Pcross ; PδΔ ¼ Ppre � Pcross:

ð1Þ
Figure 1b shows these power spectra. As discussed above, these power
spectra involving Δ contain the information of part of the high-order
statistics such as bispectrum and trispectrum.

The derivatives of fPpre; Ppost; Pcrossg with respect to cosmological
parameters andHODparameters are presented in Supplementary Figs. 2–4.
Wehave checked and confirmed the convergence of our Fishermatrix result
given the number of mocks available, demonstrating the robustness of our
result (see Supplementary Note 2 and Supplementary Fig. 5 for details).

The correlation matrix for the monopole of power spectrum and bis-
pectrum (only the correlation with the squeezed-limit of B0 is visualised for
brevity) is shown in Fig. 2. It is seen that Ppre

0 highly correlates with B0,
confirming that the bispectrum is induced by nonlinearities. In contrast,
Ppost
0 weakly correlates with B0, or with Ppre

0 and Pcross
0 on nonlinear scales

(e.g., at k≳ 0.2 hMpc−1). This, however, does not mean that Ppost is irrele-
vant to the bispectrum—it actually is amixture ofPpre and certain integrated
forms of the bispectrum and trispectrum information9,16. Therefore by
combining Ppost with Ppre and Pcross, one can in principle decouple the
leading contribution in the power spectrum, bispectrum and trispectrum.
The integrated form of the bispectrum information dominates PΔΔ, which
strongly correlates with B0, as shown in Supplementary Fig. 6 (see Supple-
mentaryNote 3). The fact thatPpost barely correlateswithB0 implies that the
information content inPpost combinedwithB0maybe similar to that inPpost
combined with Ppre and Pcross, which is confirmed to be the case by the
results from the Fisher analysis presented below.

The cumulative signal-to-noise ratio (SNR) for power spectrum mul-
tipoles (up to ℓ = 4), bispectrum monopole and various data combinations
are shown inSupplementaryFig. 7, inwhichwe can see that the joint 2-point
statistics, Pall, is measured with a greater SNR than that of Ppost or P+ B0,
which may mean that Pall can be more informative than Ppost or P+ B0 for
constraining cosmological parameters.

To confirm the constraining power of Pall, we then project the infor-
mation content in the observables onto cosmological parameters using a

Fig. 1 | The measured power spectrummonopole. a The monopole (multiplied by
k) of three types of power spectra indicated in the legend, measured from the MOLINO

galaxy mocks; b The rotated power spectra monopole defined in Eq. (1). In both
panels, the lines in the centre denote themean of themocks and the shades represent
the 68% confidence level uncertainty.
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Fisher matrix approach. Contour plots for ðlogM0; σ8Þ derived from dif-
ferent datasets with two choices of kmax (the maximal k for the observables
used in the analysis) are shown in Fig. 3 (more complete contour plots are
shown in Supplementary Figs. 8–12). The smoothing scale is set to be
S = 10 h−1Mpc when performing the reconstruction. The degeneracies
between parameters using Ppre; Ppost and Pcross are generally different,
because Ppre; Ppost and Pcross differ to a large extent in terms of nonlinearity
on small scales. This is easier to see in Supplementary Fig. 8, in which
contours for the same parameters are shown for observables used in several
k intervals. The contours derived from Ppre and Ppost generally rotate as k

increases because of the kick-in of nonlinear effects, which affects Ppre and
Ppost at different levels on the same scale. This significantly improves the
constraint when these power spectra are combined, labelled as Pall, which is
tighter than that from the traditional joint power spectrum-bispectrum
analysis (Ppre þ B0). It is found that Pall can even win against Ppost+ B0 in
some cases, demonstrating the robustness of thismethod. The contour plots
with 1D posterior distributions for all parameters with S = 10 and
20 h−1Mpc and kmax ¼ 0:2 and 0.5 hMpc−1 are shown in Supplementary
Figs. 9–12, respectively. In all cases, Pall offers competitive constraints on all
parameters, even compared to the joint Ppost+ B0 analysis.

To further quantify our results, in Fig. 4 we compare the square root of
the Fisher matrix element for each parameter, with and without margin-
alising over others, derived from Pall and Ppre þ B0, respectively, with two
choices of kmax.

For kmax ¼ 0:2 hMpc�1, we see that the Fisher information for each
parameter (panel a: without marginalising over others) derived from Pall is
identical or even greater than that in Ppre þ B0. In other words, combining
all power spectra we can efficiently extract the information in Ppre þ B0.
After marginalising over other parameters, panel b shows that the uncer-
tainty on eachparameter gets redistributeddue to thedegeneracy.The ratios
for the HOD parameters are all greater than unity especially for logM0 and
σ logM , demonstrating the power of our method on constraining HOD
parameters. The information content for cosmological parameters inPpre þ
B0 is well recovered by using Pall, although the recovery forMν is relatively
worse. The overall trend for the case of kmax ¼ 0:5 hMpc�1 is similar,
although the advantage of using Pall over Ppre þ B0 gets degraded to some
extent. However, Pall is still competitive: it almost fully recovers the infor-
mation for the HOD parameters in Ppre þ B0 with or without margin-
alisation, and largely wins against Ppre þ B0 after marginalisation.
Regarding the cosmological parameters, Pall recovers all information in
Ppre þ B0 before themarginalisation, although the recovery is slightlyworse
forMν. After marginalisation when the uncertainties are redistributed, the
constraint from Pall is generally worse than Ppre þ B0, especially forMν.

The 68% confidence level constraints on each parameter fitting to
various datasets are shown in Table 1. To quantify the information gain, we

evaluate the Figure-of-Merit (FoM) defined as detðFÞ½ �1=ð2NpÞ, where F

Fig. 3 | The 68% confidence level contour plots on σ8 and logM0 derived from
various data combinations. a, b Show the constraint with kmax ¼ 0:2 and
0.5 hMpc−1, respectively. In each panel, the constraints are from the pre-
reconstructed power spectrum (Ppre) alone (grey dashed line), post-reconstructed
power spectrum (Ppost) alone (dark blue dash-dotted line), cross power spectrum
between the pre- and post-reconstructed density fields (Pcross) alone (green dotted

line), the combination of pre-, post-reconstructed and cross-power spectra (Pall) (red
solid line), the combination of pre-reconstructed power spectrum and bispectrum
(Ppre þ B0) (light blue dash-dot-dotted line), the combination of post-reconstructed
power spectrum and bispectrum (Ppost+ B0) (grey filled region) and the combina-
tion of Pall and bispectrum (Pall+ B0) (purple solid line).

Fig. 2 | Part of the correlationmatrix between the power spectra and bispectrum.
The correlation matrix for the monopole of three types of power spectra
(Ppre

0 ; Ppost
0 ; Pcross

0 ), and of the bispectrum in the squeezed limit (BSL
0 ), i.e. k1 = k2≫ k3,

derived from the MOLINO galaxy mocks. The horizontal and vertical lines separate
each block for visualisation. For all blocks, the associated k or k1 increases from 0.01
to 0.5 hMpc−1, from left to right and from bottom to top.
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denotes the Fishermatrix andNp is the total number of free parameters. For
the ease of comparison, for cases with different kmax, we normalise all the
quantities using the corresponding one for Ppre. As shown, for

kmax ¼ 0:2 hMpc�1, ðFoMÞPall is greater than all others, namely, it is larger
than ðFoMÞPpre and ðFoMÞPpost

by a factor of 2.7 and 1.7, respectively and it is

even greater than ðFoMÞPpostþB0
by ~13%. For kmax ¼ 0:5 hMpc�1,

ðFoMÞPall
is alsomore informative than ðFoMÞPpre

and ðFoMÞPpost by a factor
of 2.1 and 1.5, respectively and is the same as ðFoMÞPpreþB0

, but is less than

ðFoMÞPpostþB0
by ~10% in this case.

To highlight the constraining power on cosmological parameters, we
also list FoMcos, which is the FoMwith allHODparametersfixed. It shows a
similar trend as FoMΘ: Pall is the most informative data combination for
kmax ¼ 0:2 hMpc�1, but it is outnumbered by Ppre þ B0 and Ppost+ B0 by
13% and 30%, respectively, for the case of kmax ¼ 0:5 hMpc�1.

Conclusions
Asdemonstrated in this analysis, a joint analysis usingPpre; Ppost andPcross is
an efficient way to extract high-order information from galaxy catalogues,
and in some cases, Pall is more informative even than Ppost+ B0, which is
computationally much more expensive.

In this example, the k-binning for P and B are different, namely,
Δk(B) = 3kf ~ 0.019 hMpc−1 ~ 1.9Δk(P)where kf denotes the fundamentalk
mode given the box size of the simulation. We have checked that using a
finer k-binning for B only improves the constraints marginally22, namely,
the FoM can only be raised by ~10% when Δk(B) is reduced from 3kf to kf,
which is largely due to the strong mode-coupling in B as shown in Fig. 2.
Such a fine binning is not practical anyway as, for example, usingΔk(B) = kf
up to k = 0.5 hMpc−1, we end up with more than 50,000 data points to
measure for B0.

Note that the MOLINO mock is produced at z = 0, where the nonlinear
effects are the strongest.At higher redshifts, thedensityfields aremore linear
and Gaussian, thus we may expect less gain from our method. This can be
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Fig. 4 | The Figure of Merit (FoM) of each individual parameter derived from all
power spectrum combined, rescaled by those derived from Ppre þ B0. The quan-
titiesX in (a) andY in (b) are defined as the FoMof each individual parameter with or
without all other parameters fixed. Specifically,X � ffiffiffiffiffi

Fii

p
and Y � 1=

ffiffiffiffiffiffi
Cii

p
where F

is the Fisher matrix and C≡ F−1. D0 and D1 denote Pall and Ppre þ B0 respectively.
The dark and light grey bars in each panel show the cases with k = 0.2 and
0.5 hMpc−1, respectively. The vertical dashed lines show a full recovery of infor-
mation from dataset Ppre þ B0. The smoothing scale is set to be 10 h−1Mpc when
performing the reconstruction.
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seen from panel a of Supplementary Fig. 13, in which the correlation
between Ppre and Ppost at various redshifts is shown. As expected, Ppre and
Ppost aremore correlated at higher redshifts, e.g., the correlation approaches
0.95 at z = 5 around k ~ 0.3 hMpc−1, which implies that almost no infor-
mation gain canbeobtained at suchhigh redshifts.As arguedpreviously, the
decorrelation at lower z is due to the fact thatPpre andPpost contain different
levels of nonlinearity, as illustrated in panel b, thus are complementary.
Also, theAlcock-Paczyński (AP)effect23, which is a geometric distortiondue
to the discrepancy between the true cosmology and the fiducial one used to
convert redshifts to distances, is irrelevant at z = 024. As studied25, the AP
effect can make the small-scale bispectrum more informative for con-
straining the standard ruler than the power spectrum (Ppre), thus it is worth
revisiting the case in which Ppost and Pcross are added to the analysis.

To further demonstrate the efficacy of our method, we perform
another analysis at a higher redshift using P andB0 from an independent set
of mocks: a suite of 4000 high-resolutionN-body mocks (5123 particles in a
box with 500 h−1Mpc a side) produced at z = 1.02. This allows us to include
the AP effect when performing the BAO and RSD analysis. This test con-
firms that Ppre; Ppost and Pcross are complementary for constraining cos-
mological parameters, and that Pall contains almost all the information in P
combined with B0, which is consistent with our findings from the MOLINO

analysis (see Methods and Supplementary Figs. 16–19 for more details).
Stage-IV redshift surveys including the Dark Energy Spectroscopic

Instrument (DESI)26, Euclid27 and the Prime Focus Spectrograph28 will
release galaxy maps over a wide range of redshifts with an exquisite preci-
sion.As long as the distribution of a tracer in a given redshift range is not too
sparse, namely, the number density is not lower than 10−4h3Mpc−3 so that a
reconstruction can be efficiently performed29, the method presented in this
work can be directly applied to extract high order statistics for constraining
cosmological parameters from 2-point measurements, which is computa-
tionally much more efficient to perform. Since the reconstruction will be
performed anyway for most ongoing and forthcoming galaxy surveys to
improve the BAO signal, our proposed analysis can be performed at almost
no additional computational cost.

Additional work is required to build a link between cosmological
parameters to the full shape of power spectra for a likelihood analysis, and
this is challenging using perturbation-theory-based models on (quasi-)
nonlinear scales, especially for the reconstructed power spectrum and the
cross power spectrum. However, model-free approaches including the
simulation-based emulation30–32, can be used for performing thePall analysis
down to nonlinear scales, in order to extract the cosmological information
from the power spectra to the greatest extent. The emulator-based Pall
analysis was recently performed and validated33, which well demonstrates
the idea proposed in this work.

Methods
The mock catalogues—MOLINO galaxy mocks at z = 0
The MOLINO catalogues17 are a suite of publicly available galaxy mock cata-
logues that were constructed to quantify the total cosmological information
content of different galaxy clustering observables using Fisher matrix
forecasting. They are constructed from the QUIJOTE suite of N-body
simulations18 using the halo occupation distribution (HOD) framework.
HOD provides a statistical prescription for populating dark matter halos
with central and satellite galaxies and has been successful in reproducing a
wide range of observed galaxy clustering statistics. In particular, the MOLINO

catalogues use the standard HOD model20, which has five free parameters:
f logMmin; σ logM ; logM0; α; logM1g. MOLINO includes 15, 000 galaxy cata-
logues that are constructed at a fiducial set of cosmological parameters
(Ωm = 0.3175,Ωb = 0.049, h = 0.6711, ns = 0.9624, σ8 = 0.834, Mν = 0) and
HODparameters (logMmin ¼ 13:65; σ logM ¼ 0:2; logM0 ¼ 14:0; α ¼ 1:1;
logM1 ¼ 14:0), which are based on the best-fit HOD parameters for the
SDSSMr <−21.5 and −22 samples20.

The 15, 000 MOLINO mocks for the fiducial cosmology are designed for
accurately estimating the covariance matrices of the galaxy clustering
observables, including the power spectra and bispectra. In addition, a

separate set of the MOLINOmocks are produced for estimating the derivatives
with respect to cosmological parameters (including the HOD ones) using
the finite differencemethod (see SupplementaryNote 2 for details). For this
purpose, 60,000 galaxy mocks are constructed at 24 cosmologies that are
slightly different from the fiducial one17.

Since the data covariancematrices and the derivatives are all evaluated
numerically using mocks, it is important to ensure that the result derived
from the Fisher matrix approach is robust against numerical issues, as
argued in17,34–36. We, therefore, perform numerical tests to check the
dependence of our Fisher matrix calculation on the number of mocks and
find that themarginalised uncertainties of all the concerning parameters are
well converged given the number of mocks available. The details are pre-
sented in the Supplementary Note 2.

The mock catalogues—4000 high-resolution N-body mocks
at z = 1.02
To confirm our findings from the MOLINO mocks, we perform an indepen-
dent mock test on a suite of 4000 high-resolutionN-body simulations with
5123 darkmatter particles in a L = 500 h−1Mpc box at z = 1.0213. The fiducial
cosmology used for this set of mocks is consistent with the Planck 201537

observations.

The mock catalogues—COLA mocks at multiple redshifts
To investigate how the decorrelation between Ppre and Ppost varies with
redshifts, we perform another set of N-body simulations using the
COmoving Lagrangian Acceleration (COLA)38 method with the MG-
PICOLA code39. The mocks are performed using 2563 dark matter parti-
cles in a L = 256 h−1Mpc box, and snapshots at z = 0, 1, 2, 3, 5, 10, 15 are
analysed, to cover a sufficiently wide range of redshifts. Although the COLA
mocks are approximate, the accuracy and reliability has been well demon-
strated in the literature38–40.

The reconstruction process
An anisotropic reconstruction41 is performed on each realisation of the
MOLINO galaxy mocks with two choices of the smoothing scale, S = 10 and
20 h−1Mpc (All results presented in themain text are for the 10 h−1Mpc case,
while results for 20 h−1Mpc are shown in the Supplementary information).
Specifically, a smoothing is performed by convolving density field with the
kernelKðkÞ ¼ exp �ðkSÞ2=2� �

in Fourier space. Note that in this procedure
the information on scales below the smoothing scales gets erased, and there
are studies on choosing the proper smoothing scale15. In principle, the
smoothing scale can bemade sufficiently small to restoremore information,
for example, no smoothing is needed at all in the nonlinear reconstruction
methods14 and we will apply our pipeline to those reconstruction schemes
for further investigation. After the smoothing, the displacement vector is

solved using the Zeldovich approximation, i.e., ~sðkÞ ¼ � ik
k2

δðkÞ
binþf inμ

2 KðkÞ,
where δ denotes the nonlinear redshift-space overdensity, bin and fin are the
input linear bias and the logarithmic growth rate for the density field,
respectively. Note that {bin, fin} does not have to be identical to the true
underlying {b, f } of the density field, thus they are not free parameters to be
determined. The post-reconstructed power spectrum for a given {bin, fin}
can be modelled using either the perturbation theory42, or an emulation
approach, as developed in ref. 33 It is true that an inappropriate choice of
{bin, fin}, e.g., a set of {bin, fin} that is significantly different from the truth,
may affect the efficiency of the BAO reconstruction, but the impact from
using {bin, fin} can be well modelled and corrected for, so this process is not
expected to generate bias or uncertainties.

To demonstrate that the result would not get biased by an inap-
propriate set of {bin, fin}, ref. 33 uses a significantly wrong set of {bin, fin} for
the reconstruction, namely, {bin = 0.9b, fin = 0.7f }, where {b, f } are the true b
and f of the densityfield. This level of deviation from the true value is greater
than 3σ level, given the uncertainty of b and f constrained by the BOSS
(DR12) survey43. The impact of using such a wrong set of {bin, fin} is cor-
rected for by the properly trained emulator, and as demonstrated in Fig. 6 of
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ref. 33, using this set of {bin, fin} does not bias, or dilute the final parameter
constraint. In summary, it is expected that the choice of {bin, fin} used in this
work does not bias the result and a more in-depth assessment on the
potential influenceof the choice on {bin, fin} is left for a future studyona joint
Pall analysis using the actual observational data.

An inverse Fourier transformation on ~s returns the configuration-
space displacement field s(x), which is used to move both the galaxies and
randoms. We also perform the anisotropic Lagrangian reconstruction15 on
each realisation of the N-body mocks, but only with a smoothing scale
S = 10 h−1Mpc.

Note that the information content in the reconstructed power spec-
trum is the same no matter whether the RSD is kept or not during the
reconstruction process, and we have numerically confirmed this by per-
forming the analysis with the isotropic reconstruction15, inwhich theRSD is
removed using the fidicual f and b used for producing the mocks.

Also note that the BAO reconstruction procedure is not always
required for extracting geometric information in the galaxy clustering. For
example, when using the information in the linear point44–47, no recon-
struction is required. Also, the estimated α from the traditional BAO
methods and from the linear point approach may conceptually differ and a
comparison is beyond the scope of this work.

Measurement of the power spectrum multipoles
Themultipoles (up to ℓ = 4) of both the pre- and post-reconstructed density
fields are measured using an FFT-based estimator48 implemented in
N-body kit49. The shot-noise, which reflects the discreteness of the
density field, is removed as a constant for the monopole of the auto-power.
The k-binning isΔk = 0.01 hMpc−1 for both the MOLINO andN-bodymocks.

Care needs to be taken when measuring the cross-power spectrum
between the pre-and post-reconstructed density fields since the raw mea-
surement using the FFT-based estimator is contaminated by a scale-
dependent shot-noise: on large scales, the post-reconstructedfield resembles
the unreconstructed one, making the cross-power spectrum essentially an
auto-power, thus it is subject to a shot-noise component. On small scales,
however, the shot-noise largely drops because the two fields effectively
decorrelate.

Toobtain ameasuredcross-power spectrumwhosemeanvalue reflects
the true power spectrum in the data such that no subtraction of the noise
component is required,we adopt the half-sumandhalf-difference (HS-HD)
approach50. We start by randomly dividing the catalogue into two halves,
dubbed δ1 and δ2 and the corresponding reconstructed density fields are R1
and R2, respectively.

Let

HS � δ1 þ δ2
2

; HD � δ1 � δ2
2

; ð2Þ

and

HSR � R1 þ R2

2
; HDR � R1 � R2

2
: ð3Þ

Then HS(R) contains both the signal and noise, but HD(R) only contains the
noise. Hence the cross-power spectrum estimator is,

P̂cross ¼ hHS;HSRi � hHD;HDRi ¼ hδ1;R2i þ hδ2;R1i
2

: ð4Þ

The scatter of P̂cross around the mean value allows for an estimation of
the covariance matrix, which is a 4-point function51, shown in Fig. 2. By
comparing P̂cross with that measured without splitting the samples, we can
obtain the noise power spectrum, as shown in Supplementary Figs. 14, 15
(for cases with S = 10 and 20 h−1Mpc, respectively), which is apparently
scale-dependent. The noise is anisotropic, and thus it affects even for
multipoles with ℓ ≠ 0.

Since a change in HOD parameters can result in a change in the
numberdensity of the galaxy sample and thus affect the shot-noise, the shot-
noise can in principle be used to constrain the HOD parameters. We,
therefore, perform an additional Fisher projection with the shot-noise kept
in the spectra, and find that the constraints on HOD parameters can be
improved in general, but the constraint on cosmological parameters is lar-
gely unchanged (see the PSN

all column in Table 1).

Measurement of the bispectrummonopole
We measure the galaxy bispectrum monopole, B0, for all of the mock cat-
alogues using the publicly available pySpectrum package17,34. Galaxy
positions arefirst interpolated onto a grid using a fourth-order interpolation
scheme and then Fourier transformed to obtain δ(k). Afterwards B0 is
estimated using

B0ðk1; k2; k3Þ ¼
1
VB

Z
k1

d3q1

Z
k2

d3q2

Z
k3

d3q3 δDðq123Þ δðq1Þ δðq2Þ δðq3Þ

� BSN
0

ð5Þ

where δD is the Dirac delta function, VB is the normalisation factor pro-
portional to the number of triplets that can be found in the k1, k2, k3 triangle
bin and BSN

0 is the Poisson shot noise correction term. Triangle configura-
tions are defined by k1, k2, k3 and for theMOLINOmocks, thewidth of the bins
is Δk = 3kf, where kf = 2π/(1000 h−1Mpc) and for the N-body mocks,
Δk = 0.02 hMpc−1.

An AP test performed on the MOLINO mocks
Although the AP effect plays no role for the MOLINO mock since it is
produced at z = 024, we perform a test by isotropically stretching the
scales and angles using pairs of AP parameters calculated at a non-
zero redshift. This gives us an idea about whether this artificial and
exaggerated AP effect can change the main conclusion of this work
that the cosmological information content in Pall is almost the same
as or more than that in Ppre þ B0. In practice, we use the (α∣∣ and α⊥)
pairs computed at zeff = 0.5 and 1.0 respectively to stretch the wave
numbers along and across the line of sight directions and repeat the
analysis. As shown in the Supplementary Table (see Supplementary
Note 3), this added ‘artificial’ AP effects can generally tighten the
constraint, but the relative constraints from Pall and Ppre þ B0 are
largely unchanged, meaning that the main conclusion of this paper
remains the same if the AP effect is taken into account.

An AP test on the N-body mocks
We perform an additional Fisher matrix analysis19 on the AP parameters
using 4000 realisations of N-body particle mocks produced at z = 1.02 in
redshift space. Part of the observables (the power spectrum monopole) are
shown in Supplementary Fig. 16. From panel awe see that the amplitude of
Pcross decreases dramatically with scales, indicating a decorrelation between
Ppre and Ppost below quasi-nonlinear scales, which is confirmed by the
correlation coefficient (the normalised covariance) plotted in panel b. This
decorrelation, which is not caused by the shot noise given the negligible
noise level in the mocks, is a clear evidence of the complementarity among
the power spectra.

The cumulative signal-to-noise ratio (SNR) is shown in panel a of
Supplementary Fig. 17, in which we see that Pall is more informative than
Ppre and that P+ B0 has slightly higher SNR on small scales.

We first perform an AP test on the isotropic dilation parameter
αiso, which is defined as the ratio of the true spherically-averaged
scale of the standard ruler to the fiducial one. This dilation parameter
depends on cosmological parameters, and can be constrained using
the monopole of the power spectrum and bispectrum. The wave-
number k gets dilated by αiso due to the AP effect, thus the
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observables are,

PT
0 ðk0Þ ¼ A0

1
α3iso

PT
0 k=αiso
� �

ð6Þ

B0ðk01; k02; k03Þ ¼ AB
1
α6iso

B0ðk1=αiso; k2=αiso; k3=αisoÞ; ð7Þ

where T denotes the type of P0, namely, T ¼ fpre; post; crossg, and the
parameters A0 and AB are used to parameterise the overall amplitudes of
power spectrum monopole and bispectrum monopole, respectively. Since
the purpose of this test is to study the impact of AP parameters, the relevant
parameters are {αiso, lnA0, lnAB}, and these are free parameters in this
calculation. Other parameters are held fixed to avoid confusion. The deri-
vative with respect to αiso is evaluated semi-analytically as

∂PT
0

∂α ¼ �3PT
0 � dPT0

d ln k ; ð8Þ

∂B0
∂αiso

¼ �6B0 � ∂B0
∂ ln k1

þ ∂B0
∂ ln k2

þ ∂B0
∂ ln k3

� �
: ð9Þ

Then the constraint on αiso is derived after marginalising over the ampli-
tudes A0 and AB, and it is shown in panel b of Supplementary Fig. 17. The
FoMofαiso showsup step-like featuresdue to theBAO feature, as previously
discovered25 and Pall offers the greatest FoM, until overtaken by P+ B0
at kmax ≳ 0:37 hMpc�1.

We use the first three even multipole moments to assemble the two-
dimensional power spectrum, i.e.,

Pðk; μÞ ’ P
‘¼0;2;4

P‘ðkÞL‘ðμÞ; ð10Þ

The bispectrum is similarly assembled using the first three even multipoles
withm = 052, which are the most informative ones53, i.e.,

B k1; k2; k3; μ1; μ2
� � ’ P

‘¼0;2;4
B‘;m¼0 k1; k2; k3

� �
Y‘;m¼0ðθ; ϕÞ: ð11Þ

The wave-number ki and the cosine of the angle to the line-of-sight μi are
stretched by two dilation parameters α⊥ and α∣∣ due to the AP effect54,55,

qi ¼ ki
α?

1þ μ2i
1
F2 � 1
� �� �1=2

; νi ¼ μi
F 1þ μ2i

1
F2 � 1
� �� ��1=2

; F ¼ αjj=α?:

ð12Þ
The power spectrum multipoles (the index for the type is omitted for
brevity) and bispectrum monopole including the AP effect are respectively
given as,

P‘ðkÞ ¼
ð2‘þ 1Þ
2α2?αk

Z 1

�1
dμP q; ν

� �L‘ðμÞ; ð13Þ

B0ðk1; k2; k3Þ ¼
1

4πα4?α
2
k

Z 1

�1
dμ1

Z 2π

0
dϕB q1; q2; q3; ν1; ν2

� �
: ð14Þ

The free parameters are fα?; αjj; lnA‘; lnABg, whereAℓ(ℓ = 0, 2, 4) denotes
the overall amplitudes of the power spectrum multipoles, and AB is the
amplitude of the bispectrummonopole. The derivatives with respect to the
parameters α⊥ and α∣∣ are evaluated numerically by

∂O
∂αi

¼ Oðαþi Þ�Oðα�i Þ
2Δαi

; ð15Þ

where O∈ {Pℓ, B0} denotes the observables, and the step size Δαi = 0.01.
Then the constraints on α⊥ and α∣∣ are derived after marginalising over the
amplitudes Aℓ and AB.

The FoM forα⊥, α∣∣ is shown in panel c of Supplementary Fig. 17, and it
shows a similar trend as FoM(αiso). The contour plot for α⊥, α∣∣with kmax ¼
0:4 hMpc�1 is shown in Supplementary Fig. 18, further highlighting the
strong constraining power of Pall in comparison to that of P+ B0.

A joint BAO and RSD analysis on the N-body mocks
In addition to α⊥, α∣∣, we add one more parameter to the analysis, which is
Δv, the parameter describing the change of velocities along the line of sight.
This parameter mimics the change of the linear growth rate on large scales,
but it also changes the velocity of particles coherently on small scales. We
compute the derivatives with respect to Δv numerically.

The projection onto the parameters, shown in Supplementary
Fig. 19, demonstrates the advantage of performing a joint analysis using
Ppre,Ppost andPcross.Onlargescales,Ppre andPpost arebothdeterminedby
the linear density field, making the power spectra highly correlated. As
shown in panels c1 and c5, the contours derived from Ppre and Ppost have
similar orientations and we do not gain by combining them. For
k > 0.15 hMpc−1, the correlation between Ppre and Ppost decreases as the
pre-reconstructed density field is dominated by the non-linear field
while Ppost still retains the correlation with the linear density field. The
contoursshownin lines inpanelc7,whicharederivedfrompowerspectra
in the k range of [0.2, 0.25] hMpc−1, are almost orthogonal to each other,
making the constraint from the combined spectra, as illustrated in the
shaded region, significantly tightened. On smaller scales, the post-
reconstructed density field is also dominated by the non-linear field and
the orientations of the contours are again aligned and the com-
plementarity on smaller scales weakens. This shows that the level of
nonlinearity in the power spectrum determines the degeneracies
betweenparameters. SincePpre andPpost are affectedbydifferent levelsof
nonlinearities on a given scale,which gives rise todifferent degeneracies,
a joint analysis using both Ppre and Ppost (and Pcross) can yield a better
constraint by breaking the degeneracies.

Data availability
The data that support the plots within this paper and other findings of this
study are available from the corresponding author upon reasonable request.
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